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Robust Optimization on Unrelated Parallel Machine
Scheduling With Setup Times

Weihao Wang , Member, IEEE, Chutong Gao , Student Member, IEEE, and Leyuan Shi , Fellow, IEEE

Abstract— The parallel machine scheduling problem has been
a popular topic for many years due to its theoretical and
practical importance. This paper addresses the robust makespan
optimization problem on unrelated parallel machine scheduling
with sequence-dependent setup times, where the processing times
are uncertain, and the only knowledge is the time intervals they
take values from. We propose a robust optimization model with
the min-max regret criterion to formulate this problem. To solve
this problem, we prove that the worst-case scenario with the
maximum regret for a given solution belongs to a finite set of
extreme scenarios. Based on this theoretical analysis, a procedure
to obtain the maximum regret is proposed and an enhanced
regret evaluation method (ERE) is designed to accelerate this
process, which is of great significance to improve the efficiency
of the algorithm. A multi-start decomposition-based heuristic
algorithm (MDH) based on the analysis of properties is proposed
to solve this problem. Computational experiments are conducted
to justify the performance and robustness of these methods.

Note to Practitioners—Various uncertainties may occur in the
production process, which brings great challenges to production
and operations management. A robust production schedule is of
great significance for factories to make full use of production
capacity and deal with production abnormalities. This study is
motivated by an R&D and assembly task scheduling problem
encountered in a high-end equipment manufacturing factory
in which the processing time of each job is uncertain, and its
distribution is also unknown due to limited information. In this
study, with the consideration of sequence-dependent setup time
and uncertain job-processing time, we view the labor groups with
different skill levels as unrelated parallel machines and build
a robust (min-max regret) scheduling model to formulate this
problem so as to reduce the production makespan. An enhanced
regret evaluation method is developed to improve the evaluation
efficiency for a given solution, and a multi-start decomposition-
based heuristic algorithm is proposed to solve this problem.
This study can be applied in practice to release schedulers from
burdensome work and provide high-quality robust schedules for
this complicated production environment.
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I. INTRODUCTION

W ITH the popularity of mass customization, manufac-
turing companies are faced with more complex and

dynamic customer demands and production environments.
The manufacturing industry, like equipment manufacturing,
semiconductor fabrication, and medical instrument production,
etc., requires effective and efficient production schedules to
cope with the various uncertainties and fulfill the intensive
customer needs.

The problem we discuss in this article is derived from a
factory producing high-end equipment in eastern China. The
scheduler in this factory needs to schedule a series of R&D
jobs to some different labor groups to minimize the maximum
completion time of all jobs, i.e., makespan. Those groups
process these jobs in parallel, but the skills and the kind of
jobs they are adept at vary from each other, so the processing
times of one job are unrelated in different groups. Thus these
labor groups could be viewed as unrelated parallel machines.
When a machine finishes one job, cleaning, adjustment, and
reconfiguration are required to switch to another job. Thus
machine and job sequence-dependent setup times need to be
considered in this problem.

Assuming we know exactly the processing time of each
job, this problem could be viewed as the Unrelated Parallel
Machine Scheduling Problem with Sequence-dependent Setup
Times (UPMSS) with the objective of makespan minimization,
which is a complex combinatorial optimization problem and
has been extensively studied. However, this assumption does
not reflect the actual situation in the factory we investigate.

In this factory, due to the various uncertainties such as fails
in product R&D, variations in machine conditions, and pro-
duction environment, the processing time of each job on each
machine is uncertain at the time when a scheduler dispatches
the jobs. Besides, due to the lack of historical data and the
multiple complex factors that lead to the uncertainty, the exact
distributions of uncertain parameters are difficult to obtain, and
the only knowledge is the estimated lower and upper bounds
of the processing times (namely the processing time intervals)
based on the historical experience of the scheduler. Under such
circumstances, our aim is to find an optimal schedule, i.e.,
the job assignment and the job sequence on each machine,
to hedge against the uncertainty of the processing times and
minimize the makespan.
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Compared with the stochastic programming that models
the uncertainties as random variables with proper probability
distributions [1], robust optimization (RO) does not assume
that probability distributions are known, instead it assumes
that the uncertain data resides in an uncertainty set [2].
In this case, we use RO to hedge against the variations of
the parameters. Two natural ways of defining the possible
realizations of uncertain parameters (referred to as scenarios)
are often used in robust optimization: discrete scenarios and
interval scenarios [3]. Considering the time uncertainty in
the factory we investigate, we adopt the continuous interval
scenario in this case. That is to say, the processing time of
each job on each machine can take an arbitrary value from a
prespecified interval.

In robust optimization, two criteria, min-max and min-max
regret, are often used to evaluate the robust solutions. For
the problem we investigate, the min-max criterion optimizes
the makespan under the sole worst-case scenario, which only
consists of the upper bounds of the processing time intervals.
This particular worst-case scenario is paid too much more
importance. But in reality, it may be unlikely to occur.
Therefore, using this criterion in our problem tends to be over-
conservative. The min-max regret criterion, however, tries to
find a robust solution that has the smallest maximum devia-
tion of the makespan from the optimum across all possible
scenarios. With min-max regret, the decision-maker aims to
minimize the opportunity loss, i.e., the cost of a solution is
compared ex-post to the cost of the best solution which could
have been chosen [3], which leads to less conservative decision
compared to the min-max criteria. However, its difficulty lies
in the calculation of the optimal performance under each
scenario, which by itself is already very complex, when
evaluating each feasible solution.

To avoid the scheduler’s decision from being too conser-
vative and make use of the information about both lower
bounds and upper bounds of processing times, we choose
the min-max regret as the criterion. Thus this problem be
summarized as the Robust Optimization on Unrelated Parallel
Machine Scheduling with Sequence-dependent Setup Times
and Min-max Makespan Regret Criterion (RUPMSS).

The main contributions of this study are concluded as
follows.

1) As far as we know, we are the first to consider
the uncertainty of the processing times and introduce
the robustness with min-max regret criterion to the
unrelated machine scheduling with sequence-dependent
setup times. A robust scheduling model to minimize
the regret of makespan is proposed to formulate this
problem.

2) The critical properties of the worst-case scenario of this
problem are derived so that only a finite set of scenarios
need to be considered to evaluate the maximum regret
for a given solution. Based on it, we give a procedure to
obtain the worst-case scenario of a given solution and an
Enhanced Regret Evaluation method (ERE) to accelerate
this procedure.

3) A Multi-start Decomposition-based Heuristic Algo-
rithm (MDH) is proposed based on the analysis of the

decomposition property and the characteristics of the
shift & interchange search methods. The performance of
the algorithm outperforms the existing exact algorithms
and heuristics for large cases.

The remainder of this article is organized as follows.
Section II reviews the literature on the related problems.
In Section III, we formulate RUMPSS as a mixed-integer
programming model. Some properties for the worst-case sce-
narios are proposed, and a procedure of finding the worst-case
scenario for a given solution is introduced in Section IV.
In Section V, the ERE method is designed to calculate the
maximum regret of a solution. The MDH algorithm with two
local search methods is proposed in Section VI. Section VII is
the numerical experiments, and Section VIII is the conclusion
and some further directions.

II. LITERATURE REVIEW

Robust optimization has been a popular method to hedge
against uncertainty in many combination optimization prob-
lems for decades, such as the assignment problem [4], [5],
product packing problem [6], vehicle routing problem [7], [8],
etc. More studies on robust optimization problem could refer
to the survey papers by Kasperski and Zieliński [3], and by
Aissi et al. [9].

The robust optimization has also been used to solve
many scheduling problems to achieve certain objectives
under various uncertainties, among which many studies have
paid attention to the time uncertainty with interval para-
meters. For instance, some studies pay attention to the
robust project scheduling problem. Artigues et al. [10] study
a resource-constrained robust project scheduling problem with
uncertain activity durations to minimize the maximum regret
of makespan. They propose both an iterative exact algorithm
called scenario relaxation method and a heuristic algorithm
to solve this problem. Bruni et al. [11] consider an adjustable
resource-constrained robust project scheduling problem with
uncertain activity durations. The task sequencing needs to
be decided without violating the task precedence relation-
ship and resource constraints to minimize the worst-case
makespan. An exact solution method similar to the Bender’s
decomposition method is proposed to solve this problem.
Ng et al. [12] study a robust aircraft scheduling problem with
arrival/departure delay using min-max regret criterion. The
operation times take values from intervals and the objective
is to make runway operations robust to mitigate the effects
of delay propagation. They propose an artificial bee colony
algorithm to obtain close-to-optimal results in regard to a
one-hour flight traffic planning horizon. Kong et al. [13] use
the robust optimization with min-max regret approach for
integrated steel production and batch delivery scheduling with
uncertain rolling times and deterioration effect, and develop
an improved variable neighborhood search (IVNS) algorithm.
They further propose an exact algorithm that combines CPLEX
and two dynamic programming algorithms to obtain the max-
imum regret value of a given rolling sequence.

As for the robust production scheduling problem,
Kasperski [14] discusses a robust single machine schedul-
ing problem with the objective of lateness. The processing
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times are specified as intervals and a polynomial algo-
rithm is proposed to solve this problem. Kasperski and
Zieliński [15] prove that solving the deterministic problem
under the mid-point scenario provides a 2-approximation algo-
rithm for interval data min-max regret sequencing problems
with the total flow time criterion. Pereira [16] further stud-
ies another robust single machine scheduling problem with
interval processing time and the objective of total weighted
completion time. A branch-and-bound algorithm is proposed
to solve this problem. Choi and Chung [17] consider the
min-max regret version of a single-machine scheduling prob-
lem under processing time uncertainty to determine which jobs
are processed by outsourcing. The objective is to minimize the
sum of the processing cost in-house and the outsourcing cost.
They study both the interval scenario set and discrete scenario
set, and discuss the computational complexity for various
cases. Drwal [18] studies a robust single machine schedul-
ing problem with the objective to minimize the weighted
number of late jobs. The author assumes the due dates of
jobs are uncertain and belong to intervals. They develop a
polynomial-time algorithm to solve the special case where
all weights are equal to 1. And a MILP formulation is
presented for the general case. The solution quality of two
simple heuristic algorithms is assessed and a decomposition
method is proposed to handle the large-scale problems. Drwal
and Józefczyk [19] further study the above robust single
machine scheduling problem with interval job processing
time and the objective of the weighted number of late jobs,
and propose a specialized branch-and-bound algorithm to
solve it. Wang et al. [20] study the same problem and a
2-approximation algorithm and two heuristics are proposed.

As for the flow shop, Kouvelis et al. [21] show that a
two-machine flow shop robust scheduling problem with uncer-
tain processing time and min-max regret criterion is NP-hard.
Gholami-Zanjani et al. [22] study a robust flow shop schedul-
ing with interval processing times and sequence-dependent
setup times with the objective of min-max weighted flow time.
They analyze the robust counterpart of the model and apply it
to a real case in a PCB assembly company. Liao and Fu [23]
consider a general permutation flow shop scheduling problem
with interval production time. A robust model is formulated
with the bi-objectives of min-max regret of total completion
time and min-max production tardiness. A directed graph tool
is applied to identify the worst-case scenario and a genetic
algorithm is implemented to solve this problem.

Because parallel machines are widely present in various
manufacturing systems, some work has also paid attention
to the robust parallel machine scheduling problem with
min-max regret criterion and interval parameters. Several
studies focus on the objective of total flow time. Drwal and
Rischke [24], Xu et al. [25] minimize the maximum regret
of total flow time on identical and uniform parallel machines
with interval job processing time, respectively. Siepak and
Józefczyk [26], Conde [27] consider the robust scheduling
problem above under unrelated parallel machine settings.
Xu et al. [28] consider a robust identical parallel machine
scheduling problem with interval job processing times to
minimize the maximum regret of the makespan. They propose

an iterative exact algorithm to solve the small-scale problem,
and a hill-climbing and a simulated annealing algorithm to
solve larger scale problems. Feng et al. [29] consider the
robust scheduling problem of a two-stage hybrid flow shop
setting where the first stage is a single machine and the second
stage consists of identical parallel machines. They also select
the min-max regret of makespan as the objective function
and use the same method as Xu et al. [28] to solve this
problem. Hu et al. [30] study a min-max regret robust iden-
tical machine scheduling problem with sequence-dependent
setup times, where the processing times and arrival times of
jobs both take values from their respective intervals. They
consider the total completion time as the objective and propose
a modified artificial bee colony algorithm for this problem.
Wang and Cui [31] examine the min-max regret identical
parallel machine scheduling problem with outsourcing and
uncertain processing time. The objective of this problem is
the total completion time of jobs processed in-house and the
cost of outsourcing the rest. They transform the problem into
an equivalent robust single machine scheduling problem and
develop a 2-approximation algorithm.

The aforementioned literature on robust parallel machine
scheduling rarely covers scheduling problems with unrelated
parallel machines, sequence-dependent setup times, and the
makespan objective together. As for the problem we investi-
gate, a handful of studies have paid attention to the deter-
ministic version of the problem, namely the UPMSS. The
parallel machine scheduling problem is NP-hard even for a
case of two identical parallel machines [32]. A series of
models such as those in [33]–[35] are proposed to improve
the scale of the instances that could be solved to optimality.
Some exact algorithms for UPMSS could be found in the
literature, for instance the Decomposition-based Method [36]
and Mathematical-programming Base Algorithm [35]. Never-
theless, due to the NP-hard nature of this problem, various
heuristic and meta-heuristic algorithms could be found in the
literature. For instance, Lin and Ying [37] propose a Hybrid
Artificial Bee Colony algorithm (HABC) that outperforms the
best algorithms at that time such as ACO, TS, RSA, and
Meta-RaPS. Wang et al. [38] propose a Hybrid Estimation of
Distribution Algorithm with Iterated Greedy search method
and compare it with two GA algorithms. Arnaout [39] further
proposes a Worm Optimization algorithm for this problem.
More related studies could refer to the survey paper [40].

To the best of our knowledge, the robust unrelated parallel
machine scheduling with sequence-dependent setup times and
the objective of minimizing makespan has not been studied
by other researchers. So this study intends to fill this gap
and solve the problem that could be encountered in many
production areas.

III. PROBLEM FORMULATION

We formulate our RUPMSS problem based on Avalos-
Rosales et al. [34] ’s model for the deterministic UPMSS.
There is a set of jobs N = {1, · · · , n} to be processed on
machines M = {1, · · · ,m}. ps

i j , the processing time of job j
on machine i under scenario s ∈ S (the set of all the scenarios)
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ranges from [p
i j
, pi j ]. After processing job j on machine

i , a fixed sequence-and-machine-dependent setup time si jk is
needed if the next job on machine i is job k. Each job must
be processed by exactly one machine and each machine may
process at most one job per time. All jobs are released from the
beginning. In this case, our aim is to minimize the maximum
regret of a solution π ∈ �, i.e., Rmax(π) = max

s∈S
{F(π, s)−Fs∗ },

where F(π, s) represents the makespan of solution π under
scenario s, Fs∗ is the optimal makespan under scenario s, and
� is the set of all feasible schedules. The notations we use
are summarized as follows:

NOTATIONS

N set of jobs, N = {1, . . . , n}.
N0 set of jobs with a dummy job 0 added,

N0 = {0} ∪ N .
M set of machines, M = {1, . . . ,m}.
j, k index of jobs, j, k ∈ N0.
i index of machines, i ∈ M .
S set of scenarios, S ={

s | ps
i j ∈ [pi j

, pi j ], i ∈ M, j ∈ N
}

.

ps
i j the processing time of job j on machine i

under scenario s, ps
i j ∈ [pi j

, pi j ]. Note that
p

i0
= pi0 = 0 for any machine i . In other

words, ps
i0 = 0 for any scenario s ∈ S.

si jk the setup time of job k after job j on
machine i . si0k is the setup time of job k if
it is the first to be processed on machine i ,
and si j0 = 0, which means job j is the last
to be processed on machine i .

V a large number.

VARIABLES

xi jk xi jk = 1 if job k is the successor of job
j on machine i ; otherwise xi jk = 0. Note
that xi0k(xik0) = 1 means that job k is the
first (last) to be processed on machine i .
X = {xi jk|i ∈ M, j, k ∈ N0, j �= k}.

yi j yi j = 1 if job j is assigned to machine i .
Otherwise, yi j = 0. Y = {yi j |i ∈ M, j ∈
N}.

Cs
j the completion time of job j under scenario

s, j ∈ N0.
Cs

max the makespan under scenario s.

We note that each feasible schedule π ∈ � could be
described by {X,Y }, where Y specifies the assignment of the
jobs and X further describes the sequence of the jobs on each
machine. It’s easy to see that F(π, s) = Cs

max = max
j∈N

Cs
j , and

Fs∗ = min
π∈� F(π, s).

Then, the model of RUPMSS could be formulated as
follows:

min
π∈� max

s∈S
{F(π, s)− Fs

∗ } (1)

s.t.
∑
i∈M

yi j = 1, j ∈ N (2)

yi j =
∑

k∈N0 , j �=k

xi jk, i ∈ M, j ∈ N (3)

yik =
∑

j∈N0, j �=k

xi jk, i ∈ M, k ∈ N (4)

∑
k∈N

xi0 k ≤ 1, i ∈ M (5)

Cs
k − Cs

j + V
(
1− xi jk

) ≥ si jk + ps
ik,

j ∈ N0, k ∈ N, j �= k, i ∈ M, s ∈ S (6)

Cs
max ≥ Cs

j , j ∈ N, s ∈ S (7)∑
j∈N0, k∈N, j �=k

si jk xi jk +
∑
j∈N

ps
i j yi j ≤ Cs

max,

i ∈ M, s ∈ S (8)

Cs
0 = 0, s ∈ S (9)

Cs
j ≥ 0,Cs

max ≥ 0, j ∈ N, i ∈ M, s ∈ S (10)

xi jk ∈ {0, 1}, yi j ≥ 0, j ∈ N, i ∈ M (11)

Constraints (2) ensure that each job should be assigned
to one machine exactly. Constraints (3) guarantee that each
job has one and only one follow-up job on the machine it is
assigned. The last job at the end of each machine would also be
followed by a dummy job. Constraints (4) ensure that each job
on each machine is followed by one and only one preceding
job. For the first job on the machine, its preceding job is the
dummy job. Constraints (5) state that at most one job is sched-
uled as the first job after the dummy job on each machine.
The following constraints are all related to the scenarios the
uncertain parameters may occur. Constraints (6) stipulate the
relationship of the completion time of the jobs assigned to
each machine. Specifically, under each scenario s, if job k is
scheduled after job j on machine i , then the job k should be
completed in at least si jk+ ps

ik time units after the completion
of job j . Constraints (7) stipulate that the makespan should be
no less than the completion time of each job in each scenario,
which are feasible cuts proved efficient by [34]. Constraints (8)
are the definition of the makespan. In constraints (8), the left
side of the inequality calculates the completion time of each
machine as the sum of the sequence-dependent setup time
and the processing time of all jobs assigned to it. Then these
constraints state that in each scenario the overall makespan
should be no less than the completion time of each machine.
The completion times of dummy jobs under all scenarios are
set to 0 as shown in constraints (9). Constraints (10) and (11)
show the type and range of each variable. According to the
problem structure and constraints (3) and (4), variable yi j is
the sum of binary variables xi jk which is bounded by 1 in
constraints (2). Therefore it could be relaxed to positive rather
than binary variable in this model.

IV. THEORETICAL ANALYSIS

We could reformulate the nonlinear programming model
above as below:

min
π

r

F(π, s)− Fs
∗ ≤ r, s ∈ S (12)

Constraints (2)-(11) (13)
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The model is difficult to solve, and the underlying diffi-
culties lie in two aspects: (1) The number of the scenarios
in the interval scenario setting is infinite, i.e., |S| = +∞,
and thus the number of the constraints and the number of
decision variables (Cs

j ) are also infinite in the formulation; (2)
the calculation of Fs∗ under every scenario requires solving a
NP-hard deterministic UPMSS. Thus, we must examine the
structure of the model to capture the characteristics of the
worst-case scenarios. In the following analysis, we could limit
the scenarios to some finite extreme cases. First, we give the
definitions of the critical machine and the extreme scenario
for a schedule.

Definition 1: We denote a machine i ’s completion time
in schedule π under scenario s as Fi (π, s). A machine f
is critical in schedule π under scenario s if its completion
time is the maximum among all machines, i.e.,Ff (π, s) =
max
i∈M

Fi (π, s), or equivalently, Ff (π, s) = F(π, s).

Definition 2: Extreme scenario s f , f ∈ M for schedule π
is defined as:

ps f

i j =
{

pi j , if y f j = 1

p
i j
, if y f j = 0, i ∈ M, j ∈ N0

(14)

With these definitions, we propose Theorem 1 to obtain the
worst-case scenario for a schedule.

Theorem 1: For a schedule π , let s0 be a worst-case sce-
nario for π , in which machine f is a critical machine. Then
the extreme scenario s f for schedule π satisfies:

(a) Machine f is also a critical machine in schedule π under
scenario s f ;

(b) Scenario s f is also a worst-case scenario for π .
Proof: Let J (π, f, s0) represent the set of jobs produced

on the critical machine f for solution π under scenario s0.
Construct scenario s f by the following operations:{

ps f

i j ← pi j i = f, j ∈ J (π, f, s0)

ps f

i j ← p
i j

otherwise.

With solution π unchanged, we have Ff (π, s f ) ≥ Ff (π, s0),
and Fi (π, s f ) ≤ Fi (π, s0),∀i �= f . So machine f is still the
critical machine under scenario s f . (a) is proved.

On machine f , we have

F(π, s f )−F(π, s0) =
(

max
i∈M

Fi (π, s f )

)
−

(
max
i ′∈M

Fi ′ (π, s0)

)
= Ff (π, s f )− F f (π, s0)

=
∑

j∈J (π, f ,s0)

(p f j − ps0

f j).

Denote the optimal solution under scenario s0 as π s0

∗ . Let
Fs f

∗ and Fs0

∗ be the optimal makespans under scenario s f and
s0, respectively. Therefore we have the following inequalities:

Fs f

∗ − Fs0

∗ ≤ F
(
π s0

∗ , s f
)
− F

(
π s0

∗ , s0
)

≤
∑

j∈J(π, f,s0)

( p̄ f j − ps0

f j)

= F
(
π, s f

)− F
(
π, s0

)
(15)

The last inequality exists because for any schedule π , the
increased makespan by switching from scenario s0 to s f would
not be more than

∑
j∈J (π, f,s0)

(p f j − ps0

f j ), which is the sum of

all possible processing time increments when we construct
scenario s f from s0. With (15) we could derive:

Rmax(π) = F
(
π, s0)− Fs0

∗ ≤ F
(
π, s f

)− Fs f

∗ (16)

Since s0 is a worst-case scenario for solution π , so is s f .
The proof of (b) is complete.

With Theorem 1, we can reduce the infinite set of sce-
narios S to a finite set of extreme scenarios to obtain the
maximum regret of a solution. However, it is not known
in advance which machine is the critical machine. To eval-
uate a solution π , we need to traverse m extreme scenar-
ios s1, · · · , sm for π to calculate its maximum regret, i.e.,
Rmax(π) = max

i∈M
{F(π, si )− Fsi

∗ }. Due to the existence of the

nested NP-hard deterministic UPMSS problems for the value
of Fsi

∗ , the evaluation process is computationally expensive.
Therefore, effective methods need to be proposed to accelerate
the evaluation process.

V. ENHANCED REGRET EVALUATION METHOD

In this section, we design a method consisting of several
mechanisms to accelerate the maximum regret evaluation
process of a certain solution so as to judge quickly whether
this solution is likely to be better. First, we propose a lower
bound of the maximum regret for a neighborhood solution
to help judge whether this solution is potential to be better,
or it can be discarded directly without accurate evaluation. If a
solution needs to be evaluated accurately, we further propose
two mechanisms which use machine completion time intervals
and an upper bound of regret for each extreme scenario to
reduce the number of machines to be traversed respectively,
eliminate some extreme scenarios that cannot be the worst-case
scenarios, and reduce the number of deterministic problems to
be solved, therefore. In addition, we further propose that using
a heuristic algorithm to solve deterministic UPMSS quickly
and use the approximate maximum regret value to evaluate
the solution. We call the method to evaluate a solution with
these mechanisms as the Enhance Regret Evaluation Method
(ERE).

A. Use a Lower Bound to Abandon Inferior Neighborhood
Solutions

Because the neighborhood could be very large and most of
the neighborhood solutions may not lead to the improvement,
we first develop a lower bound of the maximum regret for
a specific neighborhood solution to exclude those inferior
solutions which would definitely not improve the solution.
Assume π∗ is the current best solution found in the solving
process, and π ′ is one of its neighborhood solutions. We have

Rmax(π
′) = max

i∈M
{F(π ′, si )− Fsi

∗ }
≥ max

i∈M
{F(π ′, si )− F(π∗, si )}
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Because F(π∗, si ) ≥ Fsi

∗ , the inequality holds. Thus
RL B(π

′, π∗) = max
i∈M

{
F(π ′, si )− F(π∗, si )

}
is a lower bound

for Rmax(π
′). Because π∗ is already known, RL B(π

′, π∗) is
easy to calculate. If RL B(π

′, π∗) > Rmax(π
∗), π ′ cannot be

better than π∗. In this case, there is no need to traverse each
extreme scenario of the solution π ′ and calculate its exact
maximum regret.

B. Use Machine Completion Time Intervals to Eliminate
Some Extreme Scenarios

For a solution that is not discarded by the above mechanism
and whose accurate regret needs to be evaluated, we propose
a mechanism which intends to reduce the number of machines
to be traversed so as to reduce the deterministic problems to
be solved and accelerate the evaluation process.

Theorem 2 provides the detailed elimination method.
To introduce this theorem, first we need to calculate the
completion time interval for each machine. Specifically for
machine i ∈ M in solution π = {X,Y }, the machine comple-
tion time lies in an interval [Fi (π), Fi (π)] under the interval
processing time. The minimum completion time of machine
i over all scenarios is Fi (π) = ∑

j∈N0,k∈N,k �= j si jk xi jk +∑
j∈N p

i j
yi j and its maximum completion time is Fi (π) =∑

j∈N0,k∈N,k �= j si jk xi jk + ∑
j∈N pi j yi j . With the completion

time interval of each machine, we have the following theorem:
Theorem 2: For a given solution π and machine i , if its

completion time’s upper bound Fi (π) is lower than Fi ′ (π) of
any other machine i ′ ∈ M, i ′ �= i , si cannot be the worst-case
scenario of solution π .

Proof: For solution π , if si is the worst-case scenario,
machine i should be the critical machine. Thus the comple-
tion time on different machines should satisfy Fi (π, si) ≥
Fi ′(π, si ), for ∀i ′ �= i . According to (2), the way we define
si for solution π suggests that Fi ′ (π, si) = Fi ′ (π), and
Fi (π, si ) = Fi (π). Since machine i is the critical machine,
which means Fi (π, si ) ≥ Fi ′(π, si ), then we have Fi (π) ≥
Fi ′(π). Thus we prove the theorem.

According to Theorem 2, in the evaluation process, there
is no need to calculate the regret of the extreme scenario
with machine i as the critical machine once we find a
machine i ′ that makes Fi (π) < Fi ′(π). Based on this theorem,
we could eliminate some machines and the corresponding
extreme scenarios, and reduce the number of deterministic
UPMSS problem to be solved. We use Sψ to denote the
remained extreme scenarios for the subsequent evaluation of
this solution.

C. Use an Upper Bound Regret of Each Extreme Scenario to
Further Eliminate Some Extreme Scenarios

For those extreme scenarios in Sψ of the solution π that
have not been eliminated by the above mechanism, we use a
lower bound of the deterministic UPMSS to obtain an upper
bound for the regret of the corresponding scenario, which
intends to further eliminate some extreme scenarios and reduce
the number of the deterministic problems to be solved in the
evaluation process.

Specifically, we calculate the regret R{1}(π) of one extreme
scenario s{1} ∈ Sψ first as the current maximum regret. For
any other extreme scenario s{i} ∈ Sψ , we calculate the lower
bound L Bs{i} of the deterministic problem under scenario s{i}
and replace Fs{i}∗ in Ri (π) = F(π, s{i}) − Fs{i}∗ with L Bs{i} .
Then we could obtain an upper bound regret of the extreme
scenario s{i} as F(π, s{i})− L Bs{i} . If it is less than the current
maximum regret, this extreme scenario cannot be the worst-
case scenario. So we don’t need to calculate the Fs{i}∗ of
deterministic RUPMSS under extreme scenario s{i}, which
would further reduce the time to evaluate a certain solution.

We adopt a series of classical lower bounds for the deter-
ministic UPMSS which has been used in many literature such
as [41]. The lower bound L Bs for UPMSS under extreme
scenario s is as follows:

1) L Bs
1 = 1

M

∑N
k=1 min

i∈M, j∈N
(ps

ik + si jk);

2) L Bs
2 = max

k∈N
{ min

i∈M, j∈N
(ps

ik + si jk)};
3) L Bs

3: the optimal objective value of the LP relaxation of
UPMSS.

And L Bs = max{L Bs
1, L Bs

2, L Bs
3}.

D. Solve the Deterministic Problem Using Heuristics

Despite the above mechanisms to accelerate the evaluation
process, there remains a number of deterministic UPMSS
problems to solve in each evaluation process. Due to the
NP-hard nature of the deterministic problem, it is very
time-consuming to obtain their exact optimal solutions. Thus,
we substitute heuristics for MIP solvers like CPLEX to obtain
high-quality approximate solutions for the deterministic prob-
lems and improve the time efficiency.

In this study, we choose the Hybrid Artificial Bee Colony
algorithm (HABC) proposed by Lin and Ying [37], which
yields superior performance for UPMSS compared to many
other algorithms like ACO, TS, RSA, and Meta-RaPS, etc.
The HABC algorithm is a population-based metaheuristic
algorithm that mimics the behaviors of a bee colony. It has
been successfully applied to a variety of real world-problems
including UPMSS. For more details of HABC, readers could
refer to Lin and Ying’s work [37].

Based on the methods above, given the current best solu-
tion π∗, the procedure of the enhanced regret evaluation
method for a given solution π is introduced as follows:

VI. MULTI-START DECOMPOSITION-BASED

HEURISTIC ALGORITHM

In this section, we propose a Multi-start Decomposition-
based Heuristic (MDH) algorithm to solve this problem.
There are two things to be decided in the RUPMSS: (1) the
assignment of jobs to machines (corresponding to decision
variables yi j ,∀i ∈ M, j ∈ N) and (2) the sequencing of the
jobs on each machine given the job assignment (corresponding
to decision variables xi jk,∀i ∈ M, j, k ∈ N). Given multiple
initial solutions, the MDH algorithm searches for a better
solution with the local search methods in each initial solution’s
neighborhood. Note that for each solution π found in the
search process, we use the ERE introduced in the previous
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Enhanced Regret Evaluation Method (ERE)
INPUT: The solution π need to calculate the maximum regret,

the current best solution π∗;
Step 1. Set possible extreme scenarios Sψ = ∅, Rmax(π) =

0;
Step 2. Calculate the lower bound regret of solution π

as RL B(π, π
∗) = maxi∈M{F(π, si ) − F(π∗, si )}.

If RL B (π, π
∗) > Rmax(π

∗), abandon this solution π ,
stop.

Step 3. Calculate the machine completion time interval
[Fi (π), Fi (π)] for each machine i ∈ M . For each
machine i ∈ M , if Fi (π) < Fi ′(π) of any other
machine i ′ ∈ M, i ′ �= i , move to the next machine;
otherwise, add extreme scenario si into Sψ . If all
machines have been fathomed, go to Step 4.

Step 4. Calculate the regret of first extreme scenario s{1} in
Sψ as Rmax(π) = R{1}(π) = F(π, s{1}) − Fs{1}∗ . For
each extreme scenario s{i} ∈ Sψ, s{i} �= s{1}, calculate
the lower bound L Bs{i} of deterministic UPMSS under
scenario s{i}. If F(π, s{i})− L Bs{i} ≤ R{1}(π), skip this
extreme scenario, go to next extreme scenario in Sψ ;
otherwise calculate Fs{i}∗ . If R{i}(π) = F(π, s{i}) −
Fs{i}∗ > Rmax(π), update Rmax(π) ← R{i}(π). Fs{1}∗
could be calculated by a heuristic algorithm. If all
scenarios in Sψ have been fathomed, go to Step 5.

Step 5. Terminate the algorithm and output the maximum
regret Rmax(π).

section to evaluate its quality quickly and calculate its maxi-
mum regret Rmax(π). In the following, we investigate the job
sequencing subproblem and the job assignment subproblem
under RUPMSS, respectively. In addition, we introduce an
upper bound of RUPMSS derived from one of the initial
solutions of the MDH algorithm. Then we propose the MDH
algorithm based on the findings.

A. Job Sequencing Problem

We first consider the sequence of jobs on each machine for
a given job assignment. Specifically, a fixed job assignment
means that for each machine, the jobs to be produced on it are
known and unchanged. In this case, the production sequence
of jobs on each machine needs to be decided to obtain a
complete solution due to the existence of sequence-dependent
setup times in RUPMSS, i.e., we need to decide X given a
fixed Ŷ . In this subsection, we’d like to prove that for each
fixed assignment, only one optimal job sequence needs to be
considered to achieve the objective of min-max regret under
this job assignment. Thus, we could decompose the problem
into two stages.

To give a detailed interpretation of the property about job
sequencing, we need to give some new definitions first.

Definition 3: For a given job assignment Ŷ , define schedule
π̂† = {X̂†, Ŷ †} as the optimal solution of the following MILP:

1Opt Seq(Ŷ ) : min
∑
i∈M

∑
j∈N0,k∈N, j �=k

si jk xi jk (17)

yi j = ŷi j, i ∈ M, j ∈ N (18)

Ck − C j + V (1− xi jk) ≥ si jk, (19)

j ∈ N0, k ∈ N, j �= k, i ∈ M

C0 = 0 (20)

xi jk ∈ {0, 1},C j ≥ 0, j, k ∈ N0, i ∈ M

Constraints (3)(4)(5) (21)

The objective (17) is the total setup time on all machines.
Constraints (18) ensure that the optimal schedule shares the
same job assignment as Ŷ . The other constraints describe a
feasible schedule as before.

Opt Seq(Ŷ ) is meant to find the schedule π̂† that minimizes
the total setup time under the fixed job assignment Ŷ . Since the
setup times are deterministic and irrelevant to the realisation
of scenarios, Opt Seq(Ŷ ) is also irrelevant to the scenarios.
Then we give the following theorem:

Theorem 3: Denote the set of feasible schedules with the
fixed job assignment Ŷ as �(Ŷ ). arg minπ̂∈�(Ŷ ) Rmax(π̂) is
obtained by solving Opt Seq(Ŷ ). In other words, if π̂†

is the optimal solution of Opt Seq(Ŷ ), then Rmax(π̂
†) ≤

Rmax(π̂),∀π̂ ∈ �(Ŷ ).
Proof: For a fixed job assignment Ŷ , it is evident that

minimizing the total setup time on all the machines is equiva-
lent to minimizing the setup time on each machine separately.
Let s0† be the worst-case scenario of the optimal schedule π̂†

of Opt Seq(Ŷ ). For any π̂ ∈ �(Ŷ ),
Fi (π̂

†, s0†) =
∑

j,k∈N0

si jk x̂†
i jk +

∑
j∈N0

ps0†
ŷi j

Fi (π̂, s0†) =
∑

j,k∈N0

si jk x̂i jk +
∑
j∈N0

ps0†
ŷi j


⇒ Fi (π̂
†, s0†) ≤ Fi (π̂, s0†),∀i ∈ M


⇒ F(π̂†, s0†) ≤ F(π̂, s0†) (22)

From (22), we could derive the following inequalities:
Rmax(π̂

†) = F(π̂†, s0†)− Fs0†

∗
≤ F(π̂, s0†)− Fs0†

∗ = R(π̂, s0†) ≤ Rmax(π̂) (23)

The proof is completed.
Theorem 3 gives us significant insight into the structure of

RUPMSS: once we obtain a job assignment Ŷ , Opt Seq(Ŷ )
could yield a complete schedule π̂† with the smallest maxi-
mum regret in any schedules with job assignment Ŷ . So from
now on, we only need to focus on finding the best Ŷ that has
the minimum Rmax(π̂

†), where π̂† is decided by Ŷ .

B. Job Assignment Problem

Now we come to the decision of job assignment, that is,
to assign jobs to the unrelated parallel machines. We propose
a local search method with two operators to search for a better
job assignment:
• Shift: Moving a job from one machine to another one;
• Interchange: Swapping two jobs on different machines.

These two operators are simple and flexible, and have been
used in many problems with similar settings such as the
workload balancing problem on the parallel machine [42],
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[43], the task allocation problem [44], and the parallel machine
scheduling problem [28], [34]. We use these two operators to
search the neighborhood of the incumbent solution sequen-
tially. If a new assignment with the corresponding optimal
sequence introduced earlier has a lower maximum regret,
we obtain a better solution and accept it as a new incumbent
solution.

We further discuss under what condition the shift or inter-
change may find better solutions. The following theorems are
derived to avoid ineffective search:

Theorem 4: If a given solution could be improved by
adjusting the job assignment, one of the adjusted jobs must
be on the critical machine of the incumbent solution under its
worst-case scenario.

Proof: The proof is evident when there are only two
machines. We need to consider the case where there are more
than two machines.

Consider improving the solution π by altering the assign-
ment of jobs on the solution with worst-case scenario s0.
We construct a new solution π ′ by altering the job assignment
on its non-critical machines, e.g., by shift or interchange, and
we use s0 ′ to denote the worst-case scenario for solution π ′.
Assume by contradiction that the maximum regret of π ′ is less
than that of π . Then we have

R(π, s0) > R(π ′, s0 ′) ≥ R(π ′, s0). (24)

Given that the adjusted jobs are assigned on non-critical
machines, the makespan on the critical machine remains
unchanged. Thus the makespan in schedule π ′ cannot be lower
than that of π under scenario s0, i.e., F(π ′, s0) ≥ F(π, s0).
Based on this result, we have:
R(π ′, s0) = F(π ′, s0)− Fs0

∗ ≥ F(π, s0)− Fs0

∗ = R(π, s0),

which contradicts (24). Thus an adjustment for the job assign-
ment without adjusting the jobs on the critical machine under
the worst-case scenario would not improve the solution. The
proof is completed.

We note that Theorem 4 could be true for any kind of
adjustments besides shift and interchange. But in this problem
we only adopt these two. Theorem 4 suggests that for the
shift operator, the job we choose to shift must be on the
critical machine of the incumbent solution under its worst-
case scenario, and for the interchange operator, one of the
swapped jobs must come from the critical machine.

1) Shift Procedure: For the shift local search, each of the
n jobs can be shifted to the other m − 1 machines, which
can generate a total of (m − 1)n different assignments in
the neighborhood of the initial solution π0. But according to
Theorem 4, only shifting the job from the critical machine
under the worst-case scenario to other machines may improve
the incumbent solution. Therefore only (m − 1)nc assignment
adjustments are attempted and evaluated, where nc is the
number of jobs on the critical machine. We denote the pth
job on the critical machine as jp. Once a new job assignment
Ŷ is constructed, the corresponding job sequencing problem
Opt Seq(Ŷ ) is solved by the CPLEX solver to obtain a
complete schedule. The procedure of shift local search is
presented as follows:

Shift Procedure
INPUT: initial solution π0, its critical machine ic, maximum

regret Rmax(π0), and the number of jobs on the critical
machine nc. Let the current solution π ← π0.

Step 1. Set p← 0.
Step 2. Set p← p + 1, i ← 0. If p > nc go to Step 6.
Step 3. Set i ← i + 1. If i > m, go to Step 2. If i = ic,

repeat Step 3.
Step 4. Construct a new solution π ′ by shifting the job

jp to machine i to obtain a new job assignment Y ′,
and solving Opt Seq(Y ′) (by the solver) to obtain π ′.
Evaluate solution π ′ and obtain its critical machine i ′c,
maximum regret Rmax(π

′), and the number of jobs on
critical machine n′c.

Step 5. If Rmax(π
′) < Rmax(π), set π ← π ′, Rmax(π) ←

Rmax(π
′), ic ← i ′c, nc ← n′c, go to Step 1. Otherwise,

go to Step 3.
Step 6. Terminate the algorithm and output π , Rmax(π), and

ic.

2) Interchange Procedure: For the interchange local search,
we traverse each pair of jobs (C2

n = n(n − 1)/2 in total) to
see whether it satisfies Theorem 4. Only when two jobs on
different machines and one of them is on the critical machine
under the worst-case scenario, the interchange is tried to see
whether it could improve the incumbent solution. According
to Theorem 4, only (n − nc)nc assignments in interchange
neighborhood may bring improvement and are evaluated. As in
the Shift procedure, once a new job assignment is constructed,
the job sequencing problem is solved by the CPLEX solver.

The procedure of interchange local search is presented as
follows:

Interchange Procedure
INPUT: initial solution π0, its critical machine ic, maximum

regret Rmax(π0), and the number of jobs on the critical
machine nc. Let the current solution π ← π0.

Step 1. Set l ← 0, k ← 1, j ← 2.
Step 2. Set l ← l + 1. If l > (n−1)n

2 go to Step 7.
Step 3. If j > n, set k ← k + 1. If k > n, set k ← 1. Then

set j ← k + 1.
Step 4. Judge whether both jobs j and k are on the same

machine, or neither of them is on the critical machine
ic. If it is true, j ← j + 1, go to Step 2.

Step 5. Interchange job j and k in solution π to obtain a new
job assignment Y ′, and solving Opt Seq(Y ′) (by the
solver) to obtain a new solution π ′. Evaluate solution
π ′ and obtain its critical machine i ′c, maximum regret
Rmax(π

′).
Step 6. If Rmax(π

′) < Rmax(π), set π ← π ′, Rmax(π) ←
Rmax(π

′), ic ← i ′c, and l ← 0. Go to Step 2.
Step 7. Terminate the algorithm and output π, Rmax(π).

C. The Upper Bound From the Initial Solution Under
Mid-Scenario

The efficiency of the local search algorithm depends on
the choice of the initial solution. Here we introduce an
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initial solution that could provide an upper bound for this
problem. We generate an initial solution by solving the

deterministic problem under the mid-scenario s
1
2 := {ps

1
2

i j =
pi j+p

i j

2 , si jk,∀i ∈ M, j, k ∈ N}. Theorem 5 below shows that
this solution provides an upper bound for RUPMSS. Before
describing the theorem, we first introduce some notations as
below:

αi j the percentage deviation between the upper bound
and lower bound of processing time of job j on

machine i , i.e., αi j = pi j−p
i j

p
i j

;

α the maximum percentage deviation between the
upper bound and lower bound for all processing
times, i.e., α = max

i∈M, j∈N
αi j ;

π s∗ the optimal solution for the deterministic UPMSS
problem under scenario s.

Then we can derive that

pi j = (1+
αi j

2+ αi j
)ps

1
2

i j , p
i j
= 2

2 + αi j
ps

1
2

i j .

Next we define some new scenarios for the proof of this
theorem:

s
1
2 ps

1
2

i j =
pi j+p

i j

2 ; ss
1
2

i jk = si jk;
s ps

i j = pi j ; ss
i jk = si jk ;

s ps
i j = p

i j
; ss

i jk = si jk ;

sα psα
i j = (1 + α

2+α )ps
1
2

i j ≥ ps
i j ; ssα

i jk = (1 + α
2+α )si jk ≥

ss
i jk ;

sα psα

i j = ( 2
2+α )ps

1
2

i j ≤ ps
i j ; ssα

i jk = ( 2
2+α )si jk ≤ ss

i jk;

Theorem 5: 2α
2+α Fs

1
2

∗ is an upper bound for the maximum

regret of the mid-scenario initial solution, i.e., Rmax(π
s

1
2

∗ ) ≤
2α

2+α Fs
1
2

∗ .
Proof: Note that the processing time and setup time of

scenarios sα, sα, and s
1
2 are proportional to each other. For

any schedule π ,

F(π, sα) = (1+ α

2+ α )F(π, s
1
2 ); (25)

F(π, sα) = 2

2+ α F(π, s
1
2 ); (26)

So there exists an identical optimal solution π∗ for deter-
ministic problems under all the scenarios sα, sα , and s

1
2 , i.e.,

there exists an optimal schedule π∗ = π s
1
2

∗ = π sα∗ = π sα
∗ .

According to the relationship of processing time and setup
time in scenarios s, s, sα, sα, we have

F(π, sα) ≥ F(π, s); (27)

F(π, sα) ≤ F(π, s). (28)

Suppose s0 is a worst-case scenario for π∗. First we obtain
the inequalities:

Fs
∗ = F(π s

∗, s) ≤ F(π s0

∗ , s) ≤ F(π s0

∗ , s0) = Fs0

∗ (29)

Similarly,

Fsα
∗ = F(π∗, sα) ≤ F(π s

∗ , sα) ≤ F(π s
∗ , s) = Fs

∗ (30)

From (25)-(30) we could obtain

Rmax(π
∗) = F(π∗, s0)− Fs0

∗ ≤ F(π∗, s)− Fs
∗

≤ F(π∗, sα)− Fsα
∗ = F(π∗, sα)− F(π∗, sα)

= (1+ α

2 + α )F(π
∗, s

1
2 )− 2

2 + α F(π∗, s
1
2 )

= 2α

2+ α Fs
1
2

∗ (31)

Equivalently, because π∗ = π s
1
2

∗ , we could obtain

Rmax(π
s

1
2

∗ ) ≤
2α

2 + α Fs
1
2

∗ (32)

Theorem 5 makes sure that our choice of initial solutions
guarantees a performance no worse than the upper bound.

D. Multi-Start Decomposition Heuristic Algorithm

Heuristic algorithms that intend to find global optimal
solutions usually require some type of diversification method
to avoid being stuck in the local optima [45]. One method to
achieve diversity is to re-conduct the search procedure from
a different initial solution once a previous neighborhood has
been explored. The multi-start method is a framework that
executes multiple times of procedures from different initial
points in the solution space [34], which has been used for
many combinatorial optimization problems. Readers could
refer to the survey paper [46], which exhibits its flexibility
and capability.

To solve the RUPMSS, we propose a Multi-start
Decomposition-based Heuristic (MDH) algorithm based on the
theorems and the methods introduced above. In each iteration
of the MDH method, an initial solution in the solution space
is generated first. Then the shift local search and interchange
local search are conducted respectively to search its neighbor-
hood and seek improvement. After each iteration, a solution
is obtained which is typically a local optimal solution, and the
best solution obtained after all iterations is the output of the
MDH algorithm.

In the MDH algorithm, we obtain the initial solutions by
solving a series of deterministic UPMSS problems under
certain scenarios. One of the initial solutions is the optimal
solution under the mid-scenario, which could guarantee that
the maximum regret of the final solution we find cannot be
worse than the upper bound given by Theorem 5. Another two
specified scenarios including the upper-bound scenario (all the
processing times take the upper bound value of the interval)
and the lower-bound scenario (all the processing time take the
lower bound value of the interval) are also considered to obtain
the initial solutions. Then other initial solutions are obtained
by solving the deterministic UPMSS under several scenarios s
in which the processing times are randomly chosen from their
intervals. Those initial solutions identical to the previous ones
are not considered for the subsequent exploration.

In the MDH algorithm, we use Ini t to denote the total
number of initial solutions we generate and π0r to denote the
r -th initial solution we obtain. Similarly, π∗ denote the current
best solution and Rmax(π

∗) represents its maximum regret. The

Authorized licensed use limited to: Northwestern University. Downloaded on May 04,2025 at 22:29:59 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: ROBUST OPTIMIZATION ON UNRELATED PARALLEL MACHINE SCHEDULING WITH SETUP TIMES 355

algorithm will terminate when all the initial solutions have
been fathomed or the running time reaches the time limit. The
procedures of the MDH algorithm are presented as follows:

The Multi-Start Decomposition Heuristic Algorithm (MDH)
INPUT: the number of initial solutions Ini t , the time limit

T L;
Step 1. Set r ← 0, Rmax(π

∗)← BigNumber ;
Step 2. Set r ← r + 1, If r > Ini t , go to Step 6; otherwise

solve a deterministic UPMSS under a scenario to obtain
the initial solution π0r . If π0r has occurred before,
repeat Step 2.

Step 3. Conduct the shift local search for the solution
π0r to obtain a solution π0

′
r and its maximum regret

Rmax(π0
′
r ).

Step 4. Conduct the interchange local search for the solution
π0
′
r to obtain a solution π0

′′
r and its maximum regret

Rmax(π0
′′
r ).

Step 5. If Rmax(π0
′′
r ) < Rmax(π

∗), update π∗ ← π0
′′
r ,

Rmax(π
∗)← Rmax(π0

′′
r ), go to Step 2.

Step 6. Terminate the algorithm if the T L is reached. Output
the solution π∗ and its maximum regret Rmax(π

∗).

VII. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments to test
the effectiveness and efficiency of the method and algorithm
we propose. The MIP solver we use is ILOG CPLEX 12.8.
The algorithms are coded with C++ and we conducted the
experiments on a 64-bit Windows 10 platform with Intel i7
3.4-GHz CPU and 16.0 GB RAM.

We generate a data set whose scale is in coordinate with the
number of the tasks in a few days in the factory we investigate.
The data scale is also in line with other similar research
(Xu et al. [28], m ≤ 5, n ≤ 50; K.K.H. Ng et al. [12],
m ≤ 3, n ≤ 46; Wang et al. [20], m = 1, n ≤ 20).
The numbers of jobs and machines are combinations of n ∈
{9, 12, 15, 20, 25, 30}, m ∈ {3, 5, 7}. The sequence-dependent
setup time si jk is selected randomly from the integer-valued
uniform distribution on the interval [1, 10]. We generate the
intervals of the job-processing times by following the approach
in [28], [47] for min-max regret problems. For each job, the
integral lower and upper bounds of the processing time are
chosen randomly from two uniform distributions on intervals
p

i j
∈ [10, 50β], and pi j ∈ [pi j

, (1 + β)p
i j
]. β is a para-

meter with three values 0.5, 1, 1.5, which controls the gap
between the upper and lower bounds of the interval, and thus
the variability and randomness of processing times. Multiple
values of β are set for sensitive analysis and could reflect the
robustness of the algorithms to various data sets. 20 instances
are generated for each combination “n − m − β,” and a total
of 1080 instances are generated for the experiments.

In the following experiments, the time limits for all the
algorithms are set to 2 hours. The total number of initial
solutions Init generated in the MDH algorithm is set to 5 to
balance the effectiveness and efficiency.

We first conduct an experiment to verify the effectiveness
of the mechanisms designed in the enhanced regret evaluation

method. We run the MDH algorithm with only the initial
solution under the mid-scenario of nine groups of small scale
instances, and compare the total number of deterministic
UPMSS problems solved and the running time of the algo-
rithm with different regret evaluation mechanisms adopted.
Specifically, the instances are chosen from n ∈ [9, 15, 20],m ∈
[3, 5, 7], and β = 1. The algorithms that adopt different regret
evaluation mechanisms are represented with the following
notations:
• ORIG: the basic evaluation method with no enhanced

method (traverse and calculate the regret of every extreme
scenario of a solution);

• M3: use the only method introduced in subsection V-C;
namely, only use the upper bound regret of extreme sce-
narios to eliminate extreme scenarios that are impossible
to be the worst-case scenario;

• M23: use methods introduced in subsection V-B and V-C;
namely, use the upper bound regret of extreme scenarios
and Theorem 2 to eliminate some extreme scenarios;

• M123: use methods introduced in subsection V-A, V-B,
and V-C;

• M1234: use the complete procedure of the enhanced
regret evaluation method.

The results are presented in Table I. Subcolumn “time(s)”
presents the average running time of the algorithm with the
corresponding mechanisms. Subcolumn “num” reports the
average number of deterministic UPMSS problems that are
solved for the evaluation in the solving process.

From the results, we could see that from M1 to M123,
each mechanism contributes to the reduction of the running
time and the number of deterministic UPMSS problems solved
significantly. As the data scale increases, the proportion of the
running time reduced increases. This result also reflects that
the evaluation process accounts for most of the running time
of our MDH framework. As for M123 and M1234, M1234
doesn’t perform better than M123 until the data scale surpasses
m · n2 = 1200. That is because the HABC algorithm adopted
in subsection E.4 doesn’t perform better than the CPLEX
solver for small-scale instances. When the data scale increases,
as we can see in the cases where n = 20,m = 5 and
n = 20,m = 7, HABC massively reduces the algorithm
running time, and contributes a lot to the efficiency of the
regret evaluation. Overall, implementing heuristics (HABC)
to replace the CPLEX solver in the evaluation suits the real
needs in the industry, where the data scale is usually beyond
the ability of the solvers.

To sum up, the ERE method contributes a lot to the
efficiency of the MDH algorithm. With the implementation
of the proposed mechanisms, the evaluation time and the
overall running time of the MDH algorithm could be reduced
significantly.

In the following experiment, we mainly compare the results
of MDH with the Iterative Relaxation exact algorithm (IR)
and the Simulated Annealing algorithm (SA) proposed by [28]
and [29] for the similar problems. The implementation of IR
algorithm for RUPMSS are introduced in Appendix . IR exact
algorithm provides us a method to obtain the exact optimal
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TABLE I

COMPARISON OF DIFFERENT EVALUATION MECHANISMS

solutions for RUPMSS as a benchmark, at least for small-scale
instances.

The notations used in the table to present the results are as
follows:
• Gapmid : gap between the maximum regret of the solution

under mid-scenario and that of the solution by the IR
algorithm;

• GapI R: gap between the maximum regret of the solution
by the corresponding algorithm and that of the solution
by the IR algorithm;

• time: running time of corresponding algorithm;
• #Opt: number of instances solved to optimality.

where Gapmid is calculated as follows:

Gapmid = obj (Mid)− obj (I R)

obj (I R)
× 100%

and GapI R is calculated as follows:
GapI R = obj (Alg)− obj (I R)

obj (I R)
× 100%

In these formulae, “obj” is the objective function value,
i.e., the maximum regret in this case, of the corresponding
algorithm. Specifically, obj (Mid) is the maximum regret of
the optimal solution under mid-scenario, which yields an upper
bound for RUPMSS with Theorem 5. obj (Alg) is the opti-
mal maximum regret found by the corresponding algorithms
(MDH and SA).

First, we pay attention to the numerical results of instances
with β = 1. In other words, the upper bounds of the
processing times are 2 times of the corresponding lower
bounds for each instance. In Fig.1, we use scatter plots to
compare the performances of IR, SA, and MDH. Each point
in the plot represents one single instance, and its coordinate
is the maximum regret/running time of the corresponding
algorithms. The dotted line is y = x . The points on this line
mean the algorithms corresponding to x-axis and y-axis yield
the same performance for this instance. Those points below
the y = x line showcase the superior performance of the
algorithm corresponding to the y-axis, and vice versa. Note
that the logarithm scales on all the plots. To denote instances
of different data scales, we define the “data scale” of one
instance as m · n2, which is proportional to the number of
the xi jk variables in the optimization model. As the legend

shows, the points representing small-scale instances (with
small m · n2 values) have a brighter color, and larger-scale
instances are colored darker.

Fig.1a and Fig.1b are the pairwise regret comparisons for
MDH vs.IR and MDH vs.SA. The two graphs have similar
distributions. We could see that for most instances, MDH
outperforms both IR and SA, and more importantly, the larger
the instance scale is, the closer the points tend to lean towards
x-axis, which means MDH prevails more massively.

Fig.1c and Fig.1d are the pairwise time comparisons. For
Fig.1c, we could see that IR performs better than MDH for the
small-scale instances. As the data scale increases, the points
flow across the dotted line y = x , which suggests that MDH
prevails gradually. The vertical line at the right side indicates
the instances where IR reaches the 2-hour time limit. Even for
these instances, MDH can perform relatively well within the
time limit. From Fig.1d, we could see that MDH and SA draw
for small-scale instances. But when the data scale becomes
larger, the mass of points are located below the dotted line
and on the right side of the graph. Similar to Fig.1c, there are
also dense points on a vertical line where SA reaches the time
limit. For these instances, MDH yields superior performance
compared to SA.

For detailed comparisons between the three algorithms,
we showcase the results for instances with β = 1, 0.5, 1.5 in
Table II. We start with β = 1 instances. From the subcol-
umn “#Opt” under IR column, we could see that for those
instances with the scale smaller than or equal to “15-3” and
“12-7,” all the instances could be solved to optimality by IR
within 2 hours. For these instances, the average gaps between
IR algorithm and the initial solution under the subcolumn
“Gapmid” are all less than 11%, which reflects that the quality
of the mid-scenario initial solution we generate is fairly good.
When the data scale surpasses m = 15, n = 5, some instances
may not be solved to optimality by IR in 2 hours. When n
reaches 25, for combinations “25-3” and “30-3,” the values
under subcolumn “Gapmid” are still negative, which means
that for these problem scales, the IR algorithm could still
find solutions better than the mid-scenario initial solutions.
But when the number of machines m grows to 5, the values
under subcolumn “Gapmid” are 0, that is to say, the solution
returned by the IR algorithm has no improvement over the
mid-scenario initial solution. As for the efficiency of the IR

Authorized licensed use limited to: Northwestern University. Downloaded on May 04,2025 at 22:29:59 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: ROBUST OPTIMIZATION ON UNRELATED PARALLEL MACHINE SCHEDULING WITH SETUP TIMES 357

Fig. 1. Comparison between MDH, IR, and SA. (a) Regret comparison: MDH vs. IR. (b) Regret comparison: MDH vs. SA. (c) Time comparison: MDH vs.
IR. (d) Time comparison: MDH vs. SA.

algorithm, as the scale of the problem becomes larger, the
running time of the algorithm increases rapidly. When the data
scale grows to n = 20,m = 5, IR reaches the 2-hour time
limit.

For the MDH algorithm, from the subcolumn “GapI R”
we could see that for those instances combinations that IR
algorithm could yield optimal solutions, the gaps between
MDH and IR are small. Besides, the number of instances
that could be solved to optimality by MDH is close to that
of IR. From the subcolumn “time” for the MDH algorithm,
we could see that except for the combinations with 9 jobs
(n = 9), the running time of the MDH algorithm is less than
that of the IR algorithm. For larger scale instances, the average
gaps between MDH and IR are negative while the average
running times of MDH are shorter, which indicates that MDH
could find better solutions than IR in a shorter time. Due to
that IR cannot find all the optimal solutions for large-scale
instances, the number of optimal solutions by MDH cannot
be counted and dash symbols “—” are presented in column
“#Opt”.

Compared to the SA algorithm, for all combinations, the
MDH algorithm obtains lower gaps and more optimal solu-
tions. As for the efficiency of the algorithms, the MDH
algorithm consumes less time than the SA algorithm for
nearly all combinations. So the MDH algorithm we propose

performances better than the SA algorithm in terms of both
efficiency and effectiveness.

For instances with β = 0.5 and β = 1.5, Table II
demonstrate similar results to β = 1. From Table II we
could see that MDH consistently outperforms SA and IR
in terms of time efficiency and solution quality, regardless
of the variations of data settings. We further conduct the
sensibility analysis with these results. For those instances that
IR could yield optimal solutions, it takes shorter time for IR
when β = 1.5 than β = 0.5. With the β decreases, the
running time and Gapmid(%) of IR becomes worse. When
β = 1.5, SA reaches its time limit at “25-7” and obtains
the best GapI R(%) −0.94% at “25-5”. While when β = 0.5,
SA reaches its 7200-second time limit at the “20-5” data
scale and the lowest GapI R(%) is −0.66% at the “25-7” data
scale. These results indicate that the overall computational
complexity for instances with smaller β is higher due to the
shorter time intervals, and SA’s performance is unstable to
different values of β. In contrast, MDH keeps a consistent
performance for all the instances with β = 0.5, 1, 1.5. For
instance, the maximum running times for MDH are all less
than 6601.23s and do not reach the time limit. For all these
three β values, MDH’s running time becomes smaller than
IR at “12-5,” and begins to yield a negative GapI R(%) since
“20-5” data scale. It demonstrates that MDH is more robust
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TABLE II

COMPARISON OF DIFFERENT ALGORITHMS
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than other algorithms and not so sensitive to the variations of
data.

VIII. CONCLUSION

We study the min-max regret robust optimization on unre-
lated parallel machine scheduling with sequence-dependent
setup times, which originates from a high-end equipment
factory in eastern China. We first propose a robust optimiza-
tion model and develop some critical properties regarding
the worst-case scenario’s characteristics. An ERE method is
then proposed to accelerate the process of evaluating the
maximum regret of a solution. A MDH algorithm is designed
based on the findings on the decomposition property and the
characteristics of the shift and interchange search methods.
Numerical experiments show that the ERE method we propose
significantly improves the efficiency of finding the worst-case
scenario and the corresponding maximum regret. The MDH
algorithm we proposed significantly outperforms other exact
and heuristic algorithms designed for similar problems and
is sufficiently robust to deal with various scenarios. In future
work, we could further develop algorithms that could solve
larger-scale instances. Besides, we can further explore more
uncertainty conditions, e.g., the uncertainty of the setup times.
The distributionally robust optimization (DRO) counterpart
of this problem may also be considered. DRO could take
more known statistical information beyond the intervals of
the random parameters into account to further avoid the
conservativeness of the robust approach.

APPENDIX

THE ITERATIVE RELAXATION EXACT ALGORITHM (IR)
A widely used approach for min-max robust optimiza-

tion problems is the Iterative Relaxation algorithm (IR) (see
Xu et al. [28] and Feng et al. [29]). The approach starts with
a subset S0 and adds one additional scenario from S to this
subset iteratively. In every iteration, an upper bound and a
lower bound are obtained respectively, and the gap becomes
smaller after every iteration. The algorithm is terminated when
the gap reaches 0 and an exact optimal solution is found.

We formulate the h-th relaxed model in the h-th iteration
as follows, and define the current subset of scenarios as Sh :

min
π

r (33)

s.t. Cs
k − Cs

j + V
(
1− xi jk

) ≥ si jk + ps
ik,

j ∈ N0, j �= k, k ∈ N, i ∈ M, s ∈ Sh (34)∑
j∈N0,k∈N, j �=k

si jkxi jk +
∑
j∈N

ps
i j yi j ≤ Cs

max,

i ∈ M, s ∈ Sh (35)

Cs
max ≥ Cs

j , j ∈ N, s ∈ Sh (36)

Cs
0 = 0, s ∈ Sh (37)

Cs
max − F∗s ≤ r, s ∈ Sh (38)

xi jk ∈ {0, 1},Cs
j ≥ 0, Cs

max ≥ 0,

j, k ∈ N0, i ∈ M, s ∈ Sh

yi j ≥ 0, ∀i ∈ M, j ∈ N

Constraints (2)-(5) (39)

Starting with S0 = ∅, in the h-th iteration, we solve the
h-th relaxed model above to obtain solution πh . Its optimal
objective value rh gives a lower bound. The maximum regret
of π , Rmax(π

h) provides an upper bound. The worst-case
scenario sh+1 for πh is generated and Sh+1 = Sh ∪ {sh+1}.
The gap Rmax(π

h) − rh becomes smaller during the iteration
process. When the gap becomes 0, the optimal solution is
found.

As the iterations proceed, not only the number of the
constraints becomes larger, but also the scale of the decision
variables in the relaxed model is growing, which adds to the
difficulty of iteration. So the time for this exact algorithm
to find the optimal solution grows rapidly as the scale of
the problem becomes larger, and it completely fails to solve
large-scale cases.
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