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We consider the stability problem of fork-join systems with redundancy (FJR) and heterogeneous servers
under both static and dynamic capacity-allocation policies. In an (n, k) FJR system, each arriving job is split
into n independent tasks, with one task assigned to each of n parallel servers. Once k < n tasks have been
processed, they are joined and the corresponding job departs the system; the remaining n — k unprocessed
tasks are then removed and are therefore termed redundant.

We first identify the nominal traffic intensity and characterize the maximal stability region, defined as
the set of traffic intensities for which there exists an admissible policy that stabilizes the system. We then
establish conditions under which this maximal stability region is attained for two classes of policies: static
and dynamic. Specifically, we show that for static allocation policies, in which service capacities remain
fixed over time, maximality is achieved whenever the fastest server is allocated no more than 1/k of the total
service capacity. For dynamic allocation policies, in which a fixed total service capacity may be repeatedly
reallocated among the servers, we show that maximality is achieved whenever the cumulative capacity
allocated to the j shortest queues does not exceed j/k of the total capacity for every j=1,...,k—1.

Our analysis is based on a projection of the (n, k) FJR system onto a simpler (k, k) system that has no
redundancy, together with a novel sample-path comparison argument for multidimensional processes based

on the generalized Schur-convex order.
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1. Introduction

We consider fork-join systems with redundancy (FJR) and n > 2 heterogeneous servers. In these systems,
each arriving job is split by a fork operation into n tasks, with each task routed to the queue of a different
station. Tasks are processed according to the first-come-first-served (FCFS) discipline at their respective
stations and, upon service completion, move to a join-queue associated with the station at which they were

processed. A job departs the system once any k of its tasks, where 1 < k < n, have completed service.
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Specifically, when a task completes service and enters its join-queue, a join operation is triggered if k — 1
tasks from the same job are already waiting in other join-queues. In that case, the k£ completed tasks are
joined and the job departs the system. Otherwise, the newly completed task remains in its join-queue until
the kth task of the same job completes service. Upon the departure of a job, the remaining n — k tasks are
deemed redundant and are immediately removed from the system without being processed to completion.
We denote by (n, k) an FIR system with n stations—each consisting of a queue, a server, and a join-
queue—in which a job departs once any k < n of its tasks have completed service. A (3,2) system is

depicted in Figure 1.

Tasks of job 6

queue 1 server 1: u join-queue 1

7/ ——| Fork B

Arrival of job 7

|Departure of job 1 |

Figure 1 Illustration of a (3,2) system. The second completed task of job 2 has just entered its join-buffer, triggering a join
operation that collects the two completed tasks of job 2 from join-queues 1 and 2, after which the job departs the

system. Simultaneously, the remaining redundant task of job 2 is removed from station 3.

FJR systems arise naturally in a wide range of applications, including distributed storage and cloud
computing (Rizk et al. (2016), Joshi et al. (2017), Wang et al. (2019), Harchol-Balter (2021)), healthcare
operations (Gardner et al. (2016, 2017), Ozkan and Ward (2019), Ozkan (2022), Carmeli et al. (2023)),
manufacturing systems (Schol et al. (2022), Meijer et al. (2024)), and parallelized machine-learning tasks
(Lee et al. (2017a), Li et al. (2020), Hu et al. (2021), Ouyang et al. (2022), Anthropic (2024), Dai et al.
(2024)). Depending on the application, a task may represent either a distinct component of a job or a full
replica of the job itself.

For example, in cloud storage systems, a file (job) is encoded into n blocks (tasks), and retrieving any
k < n blocks suffices to reconstruct the file (Joshi et al. (2012, 2014, 2015, 2017), Lee et al. (2017b)). In
contrast, in redundant parallel large-language-model (LLM) inference, an inference request consisting of
a single prompt (job) is replicated across n independent model executions, and the request is completed

once responses from any k of the n executions have been obtained. At this point, the remaining unfinished
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executions are considered redundant and are terminated. (Anthropic (2024), Agarwal et al. (2025), Kim and
Yoo (2026)). The queueing framework studied here captures both interpretations.

Heterogeneity in fork-join systems. Server heterogeneity is intrinsic to many applications of fork-join
systems. For example, in cloud storage and computing systems, service capacity is often expanded incre-
mentally, either by adding new stations or by increasing the capacity of existing ones (Gardner and Stephens
(2019)). Likewise, when tasks correspond to different components of a job, their service requirements may
vary across stations. Such scenarios are not captured by most of the existing literature, which typically
assumes that tasks have independent and identically distributed (i.i.d.) sizes and are processed at identical
service rates (cf. Joshi et al. (2017)).

Dynamic capacity allocation. In some applications of fork-join systems, a fixed total service capacity
can be reallocated dynamically between the different servers. Examples include cross-trained workers who
can assist multiple stations in emergency departments (Ozkan and Ward (2019), Ozkan (2022)), shared
power budgets that can be redistributed among computers (Pedarsani et al. (2014a, 2017)), and flexible
and collaborative servers (Bassamboo et al. (2012), (Dai and Harrison 2020, Chapter 2.1)) that can jointly
process a single task with additive service capacity.

In this paper, we study FJR systems with heterogeneous servers under both fixed and dynamically allo-
cated service capacities. The standard setting of homogeneous servers processing i.i.d. tasks arises as a

special case of our results.

1.1. Stability of FJR Systems

Despite their practical importance and the extensive academic attention they have received, FIR systems
remain poorly understood because of their inherent complexity. Indeed, in addition to the high dimen-
sionality of the state space, the redundancy mechanism introduces a significant analytical complication by
rendering the observable state of the system incomplete: some tasks will end up being redundant, yet their
identities cannot be determined from the current system state.

As a result, even the most fundamental questions become highly nontrivial. In particular, the charac-
terization of the nominal traffic intensity and the stability region as functions of the arrival and service
rates remains unknown. These questions are open even for Markovian systems with homogeneous servers
and become considerably more difficult in the presence of heterogeneous service capacities or dynamically
controlled servers, as considered in this paper.

We address the preceding questions by first identifying the parameter p := k\/u* as the nominal traffic
intensity, where A\ denotes the job arrival rate and p* is the total service capacity, i.e., the sum of the
service rates across all stations. We then characterize the maximal stability region, namely, the set of traffic

intensities for which there exists a capacity-allocation policy that stabilizes the system, and show that this
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region is the interval [0, 1). In particular, there exists a capacity-allocation policy that stabilizes the system
if and only if p < 1.

Having characterized the maximal stability region, the next natural questions concern how an FJR sys-
tem should be designed and, when dynamic capacity allocation is available, controlled so as to attain this
maximal stability region. We address both the design and the control problems separately.

Maximal design. Under static capacity-allocation policies, the total service capacity is distributed among
the n servers and remains fixed over time. Consequently, a static policy corresponds to the design of an
(n, k) system with a prescribed total service capacity p*. In this setting, the most fundamental question is
that of maximal design, namely, how the total service capacity should be allocated among the n servers in
order for the system to achieve the maximal stability region.

Maximal control. The dynamic-allocation setting presents control problems, the most fundamental of
which is characterizing maximal controls, namely, dynamic capacity-allocation policies under which the

maximal stability region is achieved.

1.2. Contributions

In the context of the fundamental research problems discussed above, our contribution is fourfold.

1. Traffic intensity and maximal stability region. We identify the traffic intensity as p := kA/u*, and
prove that the maximal stability region is [0,1). In particular, we show that the system is unstable
under every admissible policy whenever p > 1, whereas there exist admissible policies that stabilize
the system whenever p < 1.

2. Static allocation. We prove that any static capacity allocation for which the service rate of the fastest
server is no larger than p*/k is maximal. Since the service rate of the fastest server necessarily lies
in the interval [p*/n, u* /k], the presence of redundancy enlarges this interval and thereby increases
the robustness of static allocations in achieving the maximal stability region. In particular, in a (k, k)
system, which has no redundancy, the unique maximal design is the one that assigns identical service
rates to all k servers.

3. Dynamic allocation. We quantify the greater robustness of dynamic capacity-allocation policies rela-
tive to static policies by proving that a dynamic policy is maximal if for each j =1,... k —1, the total
service capacity allocated at any time ¢ to the j shortest queues at that time ¢ does not exceed 1*j /k.

4. Analytical contribution. In addition to our contributions to practice and to the FJR literature, we also
make analytical contributions that extend beyond the specific setting considered here. First, in the
context of FIR systems, we show that each (n, k) system can be projected onto an induced (k, k)
system, which reduces the state and action spaces and overcomes the analytical difficulty introduced

by redundancy.
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Second, we introduce a novel sample-path stochastic order based on the generalized Schur-
convex (GSC) order, which facilitates direct comparison between the sample paths of multidimen-
sional stochastic processes via coupling arguments. Specifically, the GSC order transforms the prob-
lem of proving stochastic dominance between multidimensional processes into a collection of one-

dimensional comparisons involving sums of their ordered components; see §4.2.

1.3. Notation

Throughout the paper, lowercase letters denote scalars, e.g., x; bold lowercase letters denote vectors, e.g.,
x; uppercase letters denote one-dimensional stochastic processes, e.g., X ; and bold uppercase letters denote
vector-valued stochastic processes, e.g., X.

We let Z and R denote the sets of integers and real numbers, respectively, with Z, :=7Z N [0, 00) and
Ry :=1[0,00). For a,b € Z, let [a,b] := Z, N [a,b]. For a set A, we write A* for the set of k-dimensional
vectors whose components take values in A. The Oth norm of a vector € R", namely, the number of non-

n

zero components of , is denoted by ||x|jo =>_._, 1(z; #0), where 1(A) is the indicator function of the

i=1
set A. We write & for the componentwise positive part of a real-valued vector . We denote by e the vector
whose components are all 1, and by e; the ¢th unit vector, whose ¢th component is equal to 1 and all other
components are 0. For « € Z%, R(x) denotes the vector obtained by rearranging the components of x in
nondecreasing order, breaking ties according to the original index order. We denote by R(Z* ) the set of Z* -
valued vectors with non-decreasing component values, namely, R(Z’jr) ={xe Z’jr cry <o <o <apt

For two real-valued stochastic processes X and Y, we write X <y Y if there exist processes X and ),
defined on the same probability space, such that X'(¢) < Y(t) w.p.1 for all ¢ > 0, and X dy Y 4 V.

Let n:= {n(t) : t > 0} denote the constant process satisfying n(t) = 1 for all ¢ > 0. For b € R*, we write
bn for the R*-valued constant process defined by bn(t) = b for all ¢ > 0. Finally, for a continuous-time
Markov chain (CTMC) Q we write ¢ — ¢’ at rate \(q, q’) if Q can make a direct transition from state g to

state ¢’ at a rate A(q,q’).

1.4. Organization

The remainder of the paper is organized as follows. After a literature review in §2, we introduce the model
in detail in §3. In §4, we introduce the induced (k, k) system, obtained by projecting an (n, k) system onto
a lower-dimensional space, and develop the GSC order. We employ the induced (k, k) system and the GSC
order in §5 and §6 to study the stability of (n, k) systems under static and dynamic policies, respectively.
We conclude with a summary in §7. Finally, some proofs, in addition to auxiliary results and their proofs,

appear in §8.
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2. Literature Review

FJR systems. We begin with a review of the literature on (n,d, k) systems, where n > d > k. In these
systems, each arriving job is split into d tasks, which are assigned to d out of the n parallel stations according
to a prescribed routing policy. A job departs once any k of its d tasks have completed service, at which point
the remaining d — k tasks are discarded. When d = k = 1, the model reduces to a parallel-server system in
which each job is routed to one of n dedicated servers. Even in this simpler setting, stability can depend
delicately on the routing policy, as demonstrated in Moyal and Perry (2022).

The FJR systems studied in this paper correspond to the (1, n, k) special case of the (n, d, k) model, which
we denote by (n, k). These systems exhibit full redundancy, since each job sends one task to every station.
Full redundancy has been extensively studied in the literature and arises naturally in many applications;
see, e.g., Shah et al. (2015), Joshi et al. (2014, 2015, 2017), Lee et al. (2017a,b). In particular, Shah et al.
(2015) show that, when service times are i.i.d. and either exponentially distributed or heavier tailed than
exponential, the mean steady-state sojourn time in an (n, k) system is minimized among all (n, d, k) systems
with d < n. Likewise, Joshi et al. (2014) use an (n, d, k) model with i.i.d. exponential service times to study
distributed cloud-storage systems and demonstrate that full redundancy can substantially reduce download
latency; see also Joshi et al. (2015), Lee et al. (2017b).

Gardner et al. (2017) perform an exact analysis of the (n,d, 1) system with Poisson job arrivals, homo-
geneous servers, i.i.d. exponential service times, and a uniform-at-random task-dispatching policy. They
derive closed-form expressions for both the mean sojourn time and the stability region. Their analysis sug-
gests that the mean sojourn time is strictly decreasing in d, implying that full redundancy minimizes the
mean sojourn time.

A more refined characterization of the relationship between the service-time distribution and the benefits
of redundancy is provided by Joshi et al. (2017) for the (n,d, 1) system. In particular, they prove that when
service times are log-convex, full redundancy achieves the minimal mean sojourn time.

Regarding fork-join systems with no redundancy, Flatto and Hahn (1984) and Nelson and Tantawi (1988)
characterize the stability region of the (2,2,2) system and derive the generating function of its stationary
queue length distribution. For (n,n,n) systems with n > 2, only bounds on the mean sojourn time were
established; see Baccelli et al. (1989), Varki (1999), Ko and Serfozo (2008), Thomasian (2014), and the sur-
vey paper Sethuraman (2022). Dai and Harrison (2020) consider a fork-join network consisting of multiple
nested (n,n,n) systems, which is treated as a stochastic processing network (SPN).

It is significant that none of the papers cited above established a stability condition for the (n, k) system
with full redundancy, not even when the servers are homogeneous, except for the simple (n,n,1) case,

which is a special case of the (n,d, 1) systems studied in Gardner et al. (2017), Anton et al. (2021).
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Flexible capacity allocation. In the context of flexible capacity allocation, our paper contributes to the
literature on flexible and collaborative servers, which studies queueing systems with servers that can be
assigned to different queues and collaborate on processing a single task. See (Down and Lewis (2006),
Bassamboo et al. (2012)) for applications in parallel queueing systems; (Andradéttir and Ayhan (2005),
Down and Lewis (2006)) for applications in tandem queues; and (Andradéttir et al. (2003), Pedarsani et al.
(2014a,b), Dai and Harrison (2020)) for more general queueing networks.

However, only a limited number of works consider flexible capacity allocation in fork-join networks, and
none incorporates redundancy. Pedarsani et al. (2014b) study the allocation of flexible and collaborative
servers in a queueing network composed of multiple nested (72, n, n) queues, and formulate a linear program
for numerically computing a throughput-maximizing policy. Marin and Rossi (2016) analyze a saturated
(n,m,n) system with flexible and collaborative server allocation, and prove that the saturated system is
unstable. Ozkan and Ward (2019) consider an (n,d,d) system in which each queue has a dedicated server,
together with a subset of queues that share a single flexible server. They formulate and solve the scheduling
problem for the flexible server via an approximating Brownian control problem, and establish asymptotic
optimality of the resulting policy under a stochastic-order optimality criterion. Ozkan (2022) extends these

results to systems with multiple flexible servers.

3. The Model

We now describe the (n, k) system in detail: The system consists of n parallel stations, each comprising a
queue (buffer), in which tasks wait for service, a single server, and a join-queue, in which completed tasks
wait until the kth task belonging to the same job has completed service, at which point the job departs the
system, and all of its tasks (either in the queues or in the join-queues) are removed. Jobs arrive according
to a Poisson process with rate A\. Upon arrival, each job is split into n tasks, with one task routed to each
station.

We assume that task sizes are i.i.d. exponential random variables with mean 1, and that each server
processes tasks at a rate equal to its assigned service capacity. (We use the terms “capacity” and “service
rate” interchangeably, both referring to the linear rate at which a task’s remaining workload is reduced.)
More precisely, if server i is assigned capacity p; over a time interval [s, t), then, whenever tasks are present
at station ¢, workload is processed at constant rate p; throughout that interval. (Example 2 below illustrates
how the model also accommodates non-identically distributed task sizes.) The total service capacity across
all servers is fixed at u* > 0, which, without loss of generality, we normalize to 1.

The service discipline at each station is FCFS and non-idling. Upon completion of service, a task moves
to the join-queue associated with the same station. A job departs the system as soon as any k of its n tasks

have completed service. At that moment, the completed tasks are joined, while the remaining n — k tasks of
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the same job are immediately removed from the stations at which they are still present. Note that the case
n = k corresponds to a system without redundancy.

For ¢t > 0 and i € [1,n], let Z(t) be the number of jobs in the system at time ¢; );(¢) be the number of
tasks in queue 7, including the task in service; and V;(t) be the number of tasks waiting in join-queue 7 at

time ¢t > 0. We write

Q)= (Qi(0),-, Qu() and V(1):= (Vi(D),.... V2 (1)),

and omit the time argument from the notation when referring to the corresponding stochastic processes. For

example, Q :={Q(t):t > 0}.

3.1. Capacity-Allocation Policies

Under a static capacity allocation, the total service capacity p* = 1 is distributed among the n servers,
and the capacity assigned to each server remains fixed over time. In contrast, under a dynamic capacity-
allocation policy m, the service capacity assigned to server i at time ¢, denoted by I'7(¢), is time-dependent.
The corresponding capacity-allocation process is denoted by I'" := {T'"(¢) : t > 0}, where I'" takes values

in
A"::{dERi:Zdizl}.
i=1

REMARK 1. When p* # 1, I'7(¢) represents the proportion of the total capacity allocated to server i, so

that the instantaneous service rate at any time ¢ > 0 is I'7 (¢)u*, for all 7 € [[1, n].

A policy is said to be admissible if decisions are made at event epochs—namely, at job-arrival and task-
completion times—and depend only on the state of the system at the corresponding decision epochs; see
§3.2 for a rigorous definition. We denote by IT""*) the class of all admissible policies for (n, k) systems, and
append a superscript 7 to processes, e.g., @™ and V'™, whenever we wish to emphasize their dependence on
a particular policy 7.

The class of admissible policies encompasses a broad range of realistic settings, as illustrated by the

following examples.

EXAMPLE 1 (STATIC ALLOCATION). For d € A", let 4 denote the policy satisfying I'"4(¢) = d for all
t > 0. Under 74, station 7 operates at the constant service rate d;. The special case in which d; = 1/n for
all 7 € [1,n] corresponds to a system with statistically homogeneous servers, each operating at rate 1/n.
Hence, static capacity allocation, and in particular, the classical homogeneous-server setting, arises as a

special case of the dynamic-allocation framework.
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EXAMPLE 2 (NON-IDENTICALLY—DISTRIBUTED TASKS AND HETEROGENEOUS SERVERS). An (n,k)

system in which task sizes in queue ¢ are exponentially distributed with rate 1;, and server ¢ processes

work at a fixed rate p;, can be represented within our framework by taking the total service capacity to be
*

w* =" v;u;, and by exercising the policy 7, defined via I'; " (¢) = v;u;/p* for all ¢ > 0 and for all
i€ [1,n].

EXAMPLE 3 (FLEXIBLE AND COLLABORATIVE SERVERS). In this setting, there are m > 1 servers (pos-
sibly with m > n), with different fixed capacities y;, j € [1,m], and each server may be assigned to any of
the n stations. The servers are flexible and collaborative in the sense that they may move between stations
and, when several servers are assigned to the same station, their capacities combine additively to determine
the processing rate of the task in service.

Such collaborative-server models are widely studied in the literature on dynamic server allocation; see,
e.g., Bassamboo et al. (2012), Pedarsani et al. (2014a). An important contemporary example is the afore-
mentioned redundant multi-agent LLM inference systems. In this setting, the server pool is often composed
of servers with different fixed capacities due to varied hardware generations and hardware configurations.
For example, a single server can be formed by 1, 8, or 72 GPUs, respectively (NVIDIA (2026)). We refer
to an FJR system with flexible and collaborative servers as an (n, k)-FC system.

Formally, let P = (Py, Ps, - - -, P,,) be a partition of [1,m], so that U ,P; = [1,m] and P, NP; = &, for
i # j, where @ denotes the empty set. Note that some of the P;’s may be empty. Let g := {1, o, -+, fm }
be the collection of service rates. A capacity-allocation policy 7r¢ in an (n, k)-FC system selects actions
in the set

Zjepi Hj
D e M

Since A}, C A", every such policy is admissible for the (n, k) systems under our consideration. Hence

AL = {dEA”’:there exists P C [1,m] s.t. d; = ,ie[[l,n]]}. (1)
(n, k)-FC systems are a subclass of the (n, k) systems studied here.

The class of static policies. As demonstrated in Example 1, static policies are a special subclass of
admissible policies. Specifically, = € TI(™*) is static if I'"(¢) = d for all ¢+ > 0 and for some d € A"; we

denote that policy by 7. The class of all static policies is denoted by
k) = {ﬂ'd eIlI™® . de A"} .

3.2. A CTMC Representation

We now show that ) evolves as a CTMC and characterize its transition rates. First, note that FCFS service
for tasks at each station implies that jobs depart globally in FCFS order. Indeed, suppose Job B arrives

after Job A. By the time Job B departs, exactly & stations must have completed processing Job B’s tasks.
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Since each station operates under FCFS, any station that has processed a task of Job B must already have
processed the corresponding task of Job A. Hence, Job A must have departed before Job B.

Next, index the jobs present at time ¢ by 1,. .., Z(t) according to their order of arrival, where job Z(t)
is the youngest job, i.e., the last job to arrive prior to time ¢. Let 7; ;(¢) denote the task of job j assigned to

station ¢, for j = 1,..., Z(t). Observe that each station contains exactly Z(t) tasks. Under FCFS service, the

join queue at station ¢, whose length is V;(¢), consists of the tasks 71 ;(¢), ..., v, :(t), whereas the queue
at station 4, including the task currently in service, consists of 7y, (;)11,:(t), ..., Tz(),i(t). Consequently,
Z(t)=Q:(t)+Vi(t), forallie[l,n]. (2)

ForqeZ,leto(q) := (01 (q),... ,an(q)) be the permutation of the indices [1,n] that orders elements
of g in nondecreasing order, with ties broken according to the original index order. We drop the argument

g when the context is clear, e.g., we write ¢,, := ¢o,(q). Then for o(Q(t)) we have
Qs () <--- < Q,,(t), which together with (2), imply that V() >--- >V, ().

Clearly, any nonempty join-queue ¢ necessarily contains task 77 ;(¢) from the oldest job in the system.
Since this job departs as soon as k of its tasks are processed, at most £ — 1 join-queues can be nonempty.

Thus
Vﬂk(t) :ng_H (t)::VUn(t) =0, (3)
which together with (2) yields

Qo (1) = Qoyyy () =+ = @, (t) = Z(t) = max Qi(1). )

1<i<n

Hence,

Vi(t) = Z(t) — Q:(t) = max Q;(t) — Qi(t), i€[1,n].

1<j<n
It follows that, given Q(t), the values of both Z(¢) and V (¢) are determined uniquely via the functions

z:R? =R, and v: R} — R?, respectively, where

2(g):= max ¢;, and wv(q):=z(q)e—q.

1<i<n

Therefore, Q(t) is a Z'; -valued CTMC on the state space

S(TLJC) = {q € Z:L- ‘o, =Gopyy — "= qan}- (5)

In particular, ||v(q)|lo <k — 1 for any g € S(™*).
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Capacity-allocation policies. An admissible dynamic policy m € II™*) can be represented by a map

~™: Sk 5 A" where for each g € S(™*), the vector

(@) = (17 (@), -, 7 (a)) € A"

specifies the service capacity v (q) assigned to server ¢ when the system is in state g. Thus, the capacity-
allocation process I'"™ satisfies I'" (t) = " (Q(¢)). Note that for d € A™ and a static policy 74, v™4(q) =d
for all g € S™*), so that T'™a(t) = d for all t > 0 w.p.1.

The next proposition summarizes the transition rates of the CTMC Q.

PROPOSITION 1. For a given q € S™® and © € TI"™¥), let v = v(q) and o = o(q). The transitions of Q
from state q are:

qg—q+e atrate \. 6)
If ||v]lo < k —1, then

q—(qg—e;,)" atraten] (q), i€[l,n]. (7
If |[v]|o =k — 1, then

q—(g—e,)" at rate v (q), i€ [1,k—1]; 8)

n + n
q— (q - Z e,,j> at rate Z Y5, (a). )
=k =k

The proof is given in §8.1. The transition in (6) corresponds to an arrival of a job; the transitions in (7)
and (8) correspond to the event of a task completion that does not trigger the removal of redundant tasks.
Finally, the transition in (9) corresponds to the event of a task completion that causes its job to depart, and

in turn, triggers the removal of that job’s redundant tasks.

3.3. The Nominal Traffic Intensity and the Maximal Stability Region

Since the average amount of workload brought to the system by a job arrival depends on the average pro-
cessing capacity provided to redundant tasks (that do not finish their processing), it is not immediately clear
what the nominal traffic intensity is.

Let
==

where the second equality follows from our assumption that ©* = 1, and let Q™* denote the queue process

p: kA, (10)

in an (n, k) system with a given p in (10) that operates under policy 7. Define

SMM (1) :={p R, : Q™" is positive recurrent}.
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Due to Theorem 1 below, we refer to p as the traffic intensity and to S™™*) () as the stability region under a

given policy 7. We further denote by S(™*)

the maximal stability region, namely the set of traffic intensities
for which there exists an admissible policy under which the system is stable. We thus say that a policy 7 is
maximal if S (1) = S™F) =[0,1), where the last equality holds due to the following theorem, whose

proof is given in §4.3.
THEOREM 1. The maximal stability region of an (n, k) system is S™*) =0, 1).

It follows from Theorem 1 that p in (10) is indeed the traffic intensity, as there exist policies that stabilize

the system for every p < 1, but no such policy exists when p > 1.

4. The Induced (%, k) System

A difficulty in the analysis of (n, k) systems is that a single service completion may trigger the simultaneous
removal of multiple redundant tasks, while the identity of the tasks to be removed is not known in advance.
To address this challenge, we project the (n, k) system onto a lower-dimensional space and interpret the
resulting projected process as the queue process of a (k, k) system (which has no redundancy). We refer to
this projected system as the induced (k, k) system. We then show that the induced and inducing systems are
either both stable or both unstable (see Lemma 1 below). Consequently, stability of the original FIR system

can be established by analyzing the simpler induced (k, k) system.

4.1. The Projection Mapping

Fori € [1,k] and g € S™*), let ¢;(q) := g, and define the map ¢ : S"™* — R(Z" ) via

d(q) = (61(q), -, %(@) = (oys- - - Qo )-

Then ¢ is an operator that maps each q € S(™*)

to the k-dimensional vector of its k£ smallest components,
arranged in ascending order.

Next, for a given policy 7 € I1™*), define the map 2™ : S*) — AF via
Vi@ =7 (a), i€lLk—=1],  ¥i(@):=Y 7 (a)
ik

Specifically, for each ¢ € [[1,k — 1], the ith coordinate of ¥»™(q) corresponds to the service capacity of the
ith shortest queue when the system is in state g. The final coordinate /7 (q) is the total service capacity
allocated to the remaining n — k + 1 (longest) queues. We refer to @ = ¢(q) as the induced state, and
to y = 9" (q) as the induced action. Then the induced system has a direct transition from x = ¢(q) to
' = ¢(q’) if and only if ¢ — q’, and corresponding transitions in both systems occur at the same rate. We

thus use the transition notation  — ' in this case.
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THEOREM 2. Consider an (n, k) system operating under policy © € II"™F). For q € S, let x = ¢p(q)
and y =1"(q). Then

T —x+e atrate ) (11)

z—R((x—e)") atratey;, ic[lk]. (12)

The proof of Theorem 2 appears in §8.2.

Theorem 2 demonstrates that the induced system can be viewed as a (k, k) system with its queues num-
bered in nondecreasing order (namely, with the first queue being the smallest). Indeed, consider a (k, k)
system in which the ith shortest queue, having length x;, is served at rate y;, i € [1, k] at some time ¢. An
arrival of a job, which occurs at rate )\, increases each queue by 1 and does not change the order of queue
lengths. Therefore, x — « + € at rate . A task completion at the ith shortest queue, which happens at rate
y;, will decrease x; by 1 if x; > 0, followed by reordering the queue vector. Therefore, the resulting state is
R((x—e;)"), and we have x — R((x — e;) ") at rate y;. In particular, the transitions of this (k, k) system
with ordered queue lengths are the same as the transitions of the induced system in (11) and (12).

Then (X™,Y™), defined via X™(t) := ¢(Q™(t)) and Y™ (¢) := 9™ (Q™(t)), can be interpreted as the
ordered queue process and the ordered capacity-allocation process, respectively, of a (k, k) system in which
the ith shortest queue at time ¢ (having length X7 (¢)) is processed at a rate Y;"(¢), 7 € [1,k]. Note that
(X™,YT™) is not necessarily Markov, since its dynamics are governed by the transitions of the original (n, k)
system. We thus say that the induced (k, k) system is stable if it regenerates in finite expected time, with its

regeneration state being the empty state.

Observing that
Z™(t) = )= X)) =X (¢ 13
(t) = max Q7(t) = max X[(t)=Xc(t), (13)

where the first equality is due to (4), the second equality follows from the definition of ¢, and the last
equality holds because X ™ (t) € R(Z" ), the following result is immediate.

LEMMA 1. An (n, k) system is stable if and only if its induced (k, k) system is stable.

4.2. The GSC Order

The proofs of the main results build on the following GSC order for vectors in R*; see (Moyal and Perry

2022, §4)) for background.

DEFINITION 1 (GSC ORDER). For a,b € R*, we write a <ggsc b if

k k
Eai < Zbi for all m € [1, k].
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Based on the GSC order for vectors, we consider the following stochastic order for processes.

DEFINITION 2 (GSC SAMPLE-PATH STOCHASTIC ORDER). For two R¥-valued stochastic processes A
and B, we write A < gsc B if there exist two stochastic processes .4 and B defined on a common proba-

bility space, such that A 4 A, B 4 B, and A(t) <gsc B(t) w.p.1 for all ¢ > 0.

LEMMA 2. Consider two (n, k) systems operating under policies 7 and ', both having the same arrival
rate \, and consider the respective induced (k, k) systems (X™, Y ™) and (X~ ,Y™ ), where Y™ = bn), for
some b € A*.

(i) If Y™ >65¢ Y™, then SR (7Y C Sk (7).

(i) IFY™ >,65¢c Y7, then S (1) C Sk (7).

The proof of Lemma 2 appears in §8.4.

Lemma 2 is the key to our stability analysis. It allows us to establish the stability of an (n, k) system
by bounding, in the GSC order, the sample paths of its induced (k, k) system by those of a simpler (k, k)
system that operates under a constant capacity-allocation process. The stability of the original (n, k) system

then follows from Lemma 1.

4.3. Proof of Theorem 1

We are now ready to prove Theorem 1. In applying Lemma 2 we will compare the sample path of the
induced (k, k) system to that of a (k, k) system operating under the control that gives all the service capacity

to the longest queue at any time, denoted by 701, SO that Y ™ol = e;.7).
LEMMA 3. S®8) (1,,,) = [0,1).

Proof.  Since the arrival of a job does not affect the ordering of the queue lengths, the total capacity
is dynamically allocated to each of the stations on a round-robin basis; in particular, the oldest job in the
system departs at the end of each cycle. It follows that the service time of each job is the sum of k i.i.d.
unit-rate exponential service times. Hence, the system evolves as an M /G/1 queue with arrival rate A
and Erlang-distributed service times with shape &k and rate 1, which is stable if and only if A < 1/k, or
equivalently, if and only if p= kX < 1. O

The next lemma establishes that p < 1 is a necessary condition for stability of (k, k) systems.
LEMMA 4. S*F) =0, 1).

Proof. By Lemma 3, there exists an admissible policy for which [0, 1) is the stability region. On the
other hand,

y <gsc e, foranyyeAF,

In turn, a (k, k) system under any admissible policy 7 must have an ordered capacity-allocation process Y™
with Y7 < gsc exn. By taking n =k, b = e;,, and 7’ = 7y, in Lemma 2 (when applied to the special case

of n = k), we have S () C S®H) (1,,,1). Hence, S*F) =[0,1). O
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Proof of Theorem 1. Consider an (n, k) system under an arbitrary policy € II™*) with induced pro-
cesses X™ = ¢(Q™) and Y™ = 9" (Q7). By Lemma 4, the induced system is not stable if p > 1, and
therefore the original (n, k) system is unstable as well by virtue of Lemma 1. Hence S™*) C [0,1).

Conversely, for any policy 7, € II**) applied to a (k, k) system, there exists a policy 7,, € II(™*) under
which the two systems are equal in distribution. In particular, for such a m, we take 7, to be the policy that
allocates no capacity to stations k£ +1,...,n, and uses the same allocation rule as 7, to allocate capacity to
stations 1,. . ., k. It follows that the maximal stability region of (k, k) systems is no larger than that of (n, k)
systems. Hence, S®¥) C §(™*) 5o that [0,1) C S"™* by Lemma 1.

We conclude that S™*) =0, 1), as stated. O

5. Maximal Static Policies

We now consider the maximal-design problem for (n, k) systems under static policies in I1("%) Specifically,
we show that the maximal stability region can be achieved by a static policy, and characterize maximal static
policies. To this end, recall that for d € A", the static policy 74 satisfies ¥7¢(q) = d for every q € S(™*);
that is, the server at station ¢ processes work at the constant rate d; throughout. Let

dmin = _min dL
i€[1,n]

The next lemma characterizes the stability region of a (k, k) system operating under the static policy 7.
LEMMA 5. S®8) (14) = [0, kdpmin)-

Proof. Under mq, a (k, k) system is simply k& (nonhomogeneous) parallel M /M /1 queues fed by the
same Poisson arrival process. Hence, the system is stable if and only if each of these M /M /1 queues is
stable, namely, if and only if A < d; for all 7 € [1, k], or equivalently, if and only if p = kA < kdyin. O

Next, consider the homogeneous capacity-allocation vector d* := (1/k,1/k,...,1/k) € A*. Since
d® .. =1/k, Lemma 5 yields S** (74:) =[0,1). Thus 74 is a maximal static policy for the (k, k) system.
The same dynamics are obtained in an (n, k) system under the static policy 74 € [1("*), where d* € A"

has components
d*=1/k, foric[l,k] and d*=0, forie[k+1,n]. (14)

COROLLARY 1. 8M#®) (7 5.) =1[0,1). Thus, g is a maximal static policy.

We conclude that the maximal stability region [0, 1) is achievable by at least one static policy in (n, k)

systems.
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Non-robustness of maximality without redundancy. Observe that in a (k, k) system, mg is the unique
maximal static policy. Indeed, for any d € A* with d # d*, we have kd,,;, < 1, so the stability region is
strictly smaller than [0, 1). Similarly, if we consider static policies 74 of the form dy 1 = dj 0 =---=d, =
0 in an (n, k) system (under which the (n, k) system is effectively a (k, k) system), any perturbation in the
component values of d* given in (14) strictly reduces the stability region. We next show that static policies

are substantially more robust to perturbations in the service capacities when redundancy is introduced.

5.1. Maximal-Design Criterion

Given d € A™ and a static policy 74 € I1("*), the induced (k, k) system has the ordered capacity-allocation
process Y ™d = q4p™d(Q™). Note that the capacity-allocation process I'"¢ in the original (n,k) system is
constant under a static policy. By contrast, Y "< need not be a constant process, because the index o;(Q(t))
of the ith shortest queue depends on the state, and therefore keeps changing. In particular, the policy in the
induced (k, k) system of an (n, k) system operating under a static policy is not static.

Ford e An, let dM ‘= InaX;e[1,n] dz
THEOREM 3 (Criterion for maximal design). If dy; < 1/k, then 74 is maximal.

Proof. For d € A™ with d; < 1/k, the induced process Y ™d = 1)™d(Q™4) satisfies Y™ > gsc d¥n,
where d* = (1/k,...,1/k). Indeed,

Y74 (t) = dyy@rapy < dy <1/k  w.p.1,forallie [1,k—1] and ¢ > 0.

K2

Then S (7') C S™F)(74) by Lemma 2, where the (n, k) system under policy 7’ has the induced process
Y™ = d*n, i.e., its induced (k, k) system has homogeneous servers, each processing work at rate 1/k. By
Lemma 5, the stability region of the latter system is [0, 1). We thus have S™*) (/) = [0,1) C S™*) (1),
and the statement follows because S™*) (7r4) C ™K =10, 1). O
The condition dy; < 1/k, which we refer to as the maximal-design criterion, guarantees that the k — 1
shortest queues at any time ¢ > 0 are each served at a rate no greater than 1/k. Hence, the total service
capacity allocated to the remaining n — k + 1 queues is at least 1/k. It follows that, in the induced (k, k)
system, each of the first £ — 1 queues is served at a rate no greater than 1/k, while the longest queue is
served at a rate no less than 1/k. (Recall that the induced system does not operate under a static policy.)
Robustness due to redundancy. The value d),; can be viewed as a measure of server heterogeneity. Its
minimum value is 1/n, corresponding to homogeneous servers, while its maximum value is 1, in which case
n — 1 stations receive zero service capacity and the system is unstable for every arrival rate A > 0. Theorem
3 shows that the maximal stability region [0, 1) is robust to a certain level of heterogeneity: a static policy
is maximal as long as no server is allocated more than 1/k of the total service capacity, regardless of how

that capacity is distributed among the servers. In particular, maximality holds whenever d,; € [1/n,1/k].
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In a (k, k) system without redundancy, the interval [1/n,1/k| collapses to the singleton {1/k}, so that
any perturbation of the service-capacity allocation strictly reduces the stability region. In many practical set-
tings, however, such perturbations are unavoidable. For example, in server farms used for multi-agent LLM
inference, imbalanced power allocation, inaccuracies in the power-to-frequency relationship, and fluctua-
tions in processor speeds due to environmental conditions may all lead to deviations from an ideal allocation.
The benefit of increased redundancy (i.e., increasing the number of servers n) is that it enlarges the interval
[1/n,1/k], thereby allowing a broader class of capacity allocations d € A™ to achieve the maximal stability

region.

6. Maximal Dynamic Policies

We now consider the class of dynamic policies I1(™*) In this setting, establishing the stability condition
for a given policy can be difficult, because the queue process is multidimensional and the long-run job-
completion rate is difficult to characterize, as the service capacity allocated to each server changes continu-
ously over time. Thus, our goal is to characterize a general maximal-control criterion which guarantees that
a dynamic policy is maximal.

Recall that for g € S"™*), o, := 0;(q) denotes the index of the ith shortest queue, i € [1,n].

THEOREM 4 (Criterion for maximal control). Consider an (n,k) system operating under a policy 7 €

H(n’k). If

J
> 5.(a) <?
i=1

then 8™ *) () = [0,1). In particular, w is maximal.

forall j € [1,k—1] and all g € S™", (15)

| .

Proof. The process Y™ =)™ (Q™) in the induced system satisfies

J .
Y7T “ () <=, f 1,k—1 dt>0.
Z ;vc,(cz())_k, orany j € [1,k— 1] and ¢ > 0

Since Y™ takes values in A, the above is equivalent to

k .
k—

Z Yi(t) > TJ, forany j € [1,k—1] and any ¢ >0,

i=j+1

so that

YTr Zst,GSC dkn, fOf dk = (1/k,1/]€,,1/k') c Ak

From here, similar arguments to those in the proof of Theorem 3 give that S™*) () = [0, 1). O
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The criterion for maximality of dynamic policies is weaker than the criterion for maximal design. Indeed,

the maximal design criterion d,; < 1/k implies that the capacity-allocation process I satisfies

I';(t) < —, foreach j € [1,n] and any ¢ > 0. (16)

N

The maximal-control criterion given in Theorem 4 requires only that the cumulative capacity allocated to
the first j shortest queues is no more than j/k for each j € [1,k — 1]. In particular, the allocation to the

remaining n — (k — 1) queues can be arbitrary. Thus, the capacity-allocation process satisfies

MUE

Clearly, (17) holds if (16) holds, but not vice versa.

, foreach j € [1,k—1] and any ¢ > 0. a7

El R

Implications for systems with flexible and collaborative servers. Consider the (n,k)-FC system in

m

Example 3, with m > 1 servers having service rates pt = (41, - . ., ft) such that 3 777 | y1; = 1. In this setting,
the total service capacity consists of the m components of p and therefore cannot be divided arbitrarily,
with the capacity-allocation process I taking values in A}, defined in (1). If y1, > 1/k for some 7 € [1,m],
then the maximal-design criterion d; < 1/k cannot hold for any d € A}, In contrast, a dynamic policy can
allocate the components of p so that the maximal-control criterion for dynamic policies holds, by assigning

no service capacity to one or more of the k — 1 shortest queues whenever necessary. Thus, unlike static

policies, there exist dynamic policies that are guaranteed to be maximal for any p.

7. Summary and Future Research

We studied the stability problem of (n, k) systems under both static and dynamic capacity-allocation
policies. In particular, we identified the nominal traffic intensity, characterized the maximal stability region,
and established conditions under which both static and dynamic policies attain that region.

We first showed that the maximal stability region (among all policies) is attainable by static policies. We
then characterized a maximal-design criterion, under which the static policy is guaranteed to be maximal.
Specifically, we proved that if the largest allocated capacity d,, among all servers satisfies dy; < 1/k, then
such a static policy is maximal. This criterion shows that redundancy makes maximality more robust to the
heterogeneity of service capacities.

For dynamic policies, we derived a maximal-control criterion requiring that, at every state, the cumulative
capacity allocated to the servers with the j shortest queues be no more than j/k foreach j =1,...,k—1; the
remaining capacity allocation for the remaining n — k4 1 servers can be arbitrary. Compared to the maximal
design criterion for static policies, the criterion for maximal dynamic policies is substantially relaxed, so a

much broader set of policies can be maximal.
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A key challenge in the analysis of an (n, k) system is the complexity of its state space stemming from
the redundancy mechanism. To overcome this difficulty, we projected the (n,k) system onto a lower-
dimensional (k, k) system, which we termed the induced system. We then established a sample-path com-
parison result based on a generalized Schur-convex (GSC) order for coupled (k, k) systems. The resulting
GSC sample-path stochastic-order comparisons enabled us to establish the stability results for the induced
system and, in turn, for the original (n, k) system.

Significance of Our Results for Future Research. Given our characterization of the maximal policies, a
natural direction for future research is to determine which maximal policies outperform others with respect
to fundamental performance measures, such as the steady-state mean sojourn time and mean waiting time.
In particular, our work here is a necessary first step toward the analysis, design, and control of FJR systems,
because such performance measures should be optimized only among maximal policies. The reason is that
these measures grow highly nonlinearly as the traffic intensity approaches the boundary of the stability
region under a given policy. Consequently, an arrival rate that places a system in heavy traffic, or even
renders it unstable, under a non-maximal policy may correspond to a system operating well within its
stability region under a maximal policy. Optimizing performance measures over all admissible policies
therefore risks selecting policies that are fundamentally constrained by an unnecessarily small stability

region.

8. Remaining Proofs

This section contains the remaining proofs, in addition to auxiliary results to support those proofs.

8.1. Proof of Proposition 1

Proof. The transition due to an arrival in (6) is immediate.

The transition in (7) follows because, when ||v|ly < k — 1, each of the jobs in the system has less than
k — 1 completed tasks. Therefore, a completion of a task at queue ¢ decreases g; by 1, without triggering the
removal of its sibling tasks..

Now consider the case ||v||o = k — 1. For station ¢ with ¢; > 0 at time ¢, the join-queue has length v;
and contains tasks {7y ;,...,7,, ;} with To;+1,; Deing the task in service. The sibling task 7,41 ¢ of 7,41 ; at
station £ is in join-queue ¢ if and only if v, > v; 4+ 1. Hence, the number of completed sibling tasks of task
Toi41,i is

c; = Z 1{v, > v; + 1}.
£
Note that ¢; < k — 1, and that the completion of task 7,41, triggers a job departure and removal of its

sibling tasks if and only if ¢; = k — 1. It follows from (3) and the equality ||v||o = k — 1, that

Uo'lZ”'Z/Uo'k,I>0:UU]€:”':UU'7L‘ (18)
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Consider first a task completion at station o; with ¢ < k — 1.

Cop =Y M= v, 41} =) vy, 20, +1} <Y 1y, >0, } =i—1<k—2.

t#o; p<i p<i
Hence, a completion of a task at station ¢; does not trigger a job departure, and the process transitions to
(g —e,,)" atrate 77, (q), proving (8).

Finally, to prove (9), consider the completion of a task at station o, with r > k. By (18), we have v,,, =0,
and the task in service is 7,, 11,0, = T1,0,.- The number of its completed sibling tasks is

n

Cor = MuZv,, +1} =Y Mo 21} =Y Mo, =1} =|vfp=k—1.

lH#oy lH#oy =1

Then the completion of task 71, leads to the departure of job 1, so that all this job’s tasks {71 5, ..., 71,0, }

are removed from the system. Specifically, by (18), tasks {71 ,,,...,71,_, } are already in the join-queues
of stations oy, ...,0;_1; tasks {7'17%, ..., T1.0, } are in the queues of stations oy, . .., 0,,. Hence, the removal
of the tasks of job 1 decreases every queue length at stations oy, ..., o, by one. It follows that the process

+
transitions to state (q — >k ec,j> at rate 77 (q) for each r € [k,n], and therefore at a total rate of

Z:«;k 'Y;TT (Q) O

8.2. Proof of Theorem 2

In the proof of Theorem 2 we will use the following lemma, whose proof appears in §8.3.

LEMMA 6. The following hold for q € S™" and x := ¢(q).

¢((q_ear)+) :R((m_er)+)7 re 1,k —1], (19)
¢((q - eaj)+) :R((w - ek)+)7 JE [[k7n]]7 (20)

Moreover, if |v(q)|lo =k — 1, then

n +
& (quUJ) =R((z—ex)"). 1)

Proof of Theorem 2. By Proposition 1, a transition of the queue process () from a state g is to one of
the states on the right-hand sides of the arrows in (6)—(9) (the “post-transition states”).
For the transition (6), the induced pre-transition state is ¢»(q) = «, and since g + e does not change the

order of the components, the induced post-transition state is ¢(q + e) = x + e. Hence,

T —x+e atrate \. (22)
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Next, consider the transitions corresponding to departures. When ||v||o < k& — 1, the induced transitions

of (7) are

r—d((g—e,)")=R((x—e;)") atratey] (q)=y; forie[l,k—1];

z—d((g—e,,)")=R((x—ex)") atrate v (q) fori e [k,n],

where the equalities follow from (19) and (20) in Lemma 6. Note that the induced pre-transition and post-
transition states are identical for all ¢ € [k, n], so the transition rates corresponding to each ¢ can be aggre-

gated into y;, :=>_"" , 77 (q), and therefore
z—R((x—e;)") atratey; forie [1,k]. (23)
Finally, when ||v||o = k — 1, the induced transitions of (8) and (9) are, respectively,
= d((g—e,)") =R((x—e)") atrate v;,(q) =vi, i€[L,k—1];
n + n
x— ¢ (q—Ze(,J) =R((x—e,)") atrate Z'ygi(q):yk,
j=k j=k
where the equalities of the post-transition states follow from (19) and (21). Equivalently,
z—>R((x—e;)") atratey; forie[l,k]. (24)

It follows from (23) and (24) that there is no difference between the two cases ||v|jo < k — 1 and ||v]|o =

k — 1, and thus the statement of the theorem follows from (22)-(24). ]

8.3. Proof of Lemma 6

Proof. Recall that ¢(q) is obtained by taking the £ smallest components of g € Z" and reordering them
in nondecreasing order, and that R(y) orders the components of a vector y € Z* in nondecreasing order.
Hence, (19) is immediate.

To show (20), recall that, by (5), g € S™* implies that ¢,, = - = q,,,. For any fixed j € [k,n], the

components of (q — e, )" are then equal to

{z1,..,xp_1, (xe — DY, 2, . 2}, forx = ¢(q),
with n — k components equal to ;. Since

£1< - <ap<xp and  (zp—1)T <ay,
the k& smallest components of (q — e, )" are

{xly vy Th—1, (:Uk - 1)+})
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which are the same as the components of (x — e;)" = (z1,..., (zx — 1)T). Hence (20) follows.

Finally, the equality ||v(q)||o = k — 1 implies that

9oy < <oy <o, =op .y = = qo,, = Q.

Because ¢; € Z for all i € [1,n], the strict inequality g,, , < ¢,, implies thata>1and ¢,,_, <a—1=
+
(a —1)™. Then the components of (q - Zj: A egj) are

{90y, 1oy (@a=1)", 0 (a—1)T],

with n — k + 1 of the components equal to (a — 1)". Since ¢,, < ¢,,_, < (a —1)" forevery i <k — 1, the

k smallest components of (g — > ", e, )" are

N N Dfy={xy,...,25_1, (2 — 1)T},

which are also the components of (x — e;)™, proving (21). O

8.4. Proof of Lemma 2

A key to the proof of Lemma 2 is the following result, whose proof appears in §8.5.

LEMMA 7 (GSC-order preservation). Consider x,z € R(Z%) and iy, i, € [1,k], with i, <i,. If x <gsc

z, then
R((w — eiw)Jr) <asc R((z - eiz)Jr).

Proof of Lemma 2. 'We only provide the proof of Assertion (i) of the lemma, since the proof of Assertion

(ii) is analogous. To this end, we first prove that
X7 <qcsc Xﬂ/a (25)

provided that the order holds at time 0, via a coupling argument. Specifically, we construct random ele-
ments (X,Y) and (X', Y’), defined jointly on the same probability space, such that (X,Y") has the same
distribution as (X™,Y™), while (X’,Y”) has the same distribution as (X™ ,Y™ ). We then show that the

coupling can be constructed so that
X(t) <gsc X'(t) w.p.1,forallt>0.

We refer to (X,Y") as System £ and to (X', Y”) as System /.

Let an event be either an arrival of a job or a completion of a task from either system. For m > 1, let 7,,
denote the mth event time, with 7 := 0. Take X (0) and X'(0) such that X (0) <gsc X'(0) w.p.1, and let
(w,x',y) == (X (Tm), X' (Trn), Y (T)) for some m > 1.
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Consider System £ at time 7,,. The time until the next arrival is exponentially distributed with rate A and
the time until the next task completion from the ith shortest queue is exponentially distributed with rate y;. If
the ith shortest queue is empty, we schedule a “dummy” task completion, which does not change the queue
length (the queue makes a fictitious transition from the empty state back into the empty state). Throughout
the proof, when we refer to the event of a task completion, it includes the dummy task completions. Under
this construction, the time until the next task completion from any of the queues is exponentially distributed
with rate Zle y; = 1. If the (m + 1)st event is a task completion, we take I,,, be the index of the ordered
queue vector in which this task completion occurs, so that P(1,,, =1i) =y;, i € [1, k].

Next, consider System U/ at time 7,,. As in System L, the time until the next job arrival in System I/ is
exponentially distributed with rate A, and the time until the next task completion is exponentially distributed
with rate 1. If the (m + 1)st event in System {/ is a task completion, then it occurs at the ] th shortest queue
with probability P(I! =1i)=1b;, i € [1, k].

Since we allow dummy transitions, we can act as if all servers in both systems are constantly working at
a combined rate 1, and task completions (including “dummy completions”) occur according to a unit-rate
Poisson process. Further, we can use the same unit-rate Poisson process to generate task-completion epochs
simultaneously in both systems, and then independently determine at which queue the task completion
occurs, by generating the values of the queue indices 1,,, and I/ .

To this end, let A,, be an exponentially distributed random variable with rate \; .S,, be exponentially
distributed with rate 1; and U,,, be uniformly distributed on [0, 1], assuming these three random variables
are mutually independent and are independent of all other random variables and processes. We use A,,, and
S, to determine, respectively, the time until the next arrival to both systems, and the time until the next task
completion in both systems after time 7,,,. We use U, to determine the index of the queue at which the task

completion occurs. Then
Tms1=Tm +min{A,,, S, }.
If A,, < S,,, the next event is an arrival of a job to both systems, so that
X(Tmi1)=x+e and X'(T,41)=z'+e. (26)

If A,, > S,,, then the next event is a task completion from the I,,,th shortest queue in System £, and a task

completion from the I/, th shortest queue in System I/, so that

X (Trnin) = R((a: - e;m)Jr), X' (Tousr) = R((a;' —ep )+), 27)

m

where the operator (-)* ensures that a dummy transition (due to task completions at an empty queue) does

not change the system’s state.
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It remains to determine the values of the indices of the queues at which the task completions occur. Let
J J
I,, :=min {j e[1,k]: Eyz > Um} and I :=min {j e[L,k]: Zbi > Um} .
i=1 1=1
For i € [1,k], let C; := 23:1 y;, with Cj := 0. Observe that I,,, = ¢ if and only if C;_, < U,, < C; for any
i € [1,k], and thus P(I,,, =i) =P(C;_, < U,, < C;) = C; — C;_; = y;. Similarly, P(I/ =) = b,. Since
Y’ =bnand Y (7,,) =y, the ordering Y >gsc Y implies that y >gsc b, which in turn yields

I,>1I wp.l. (28)
We next prove by induction that
X (Tm) <gsc X'(T,)  w.p.1forall m>0. (29)

By construction, (29) holds for m = 0. Assume now that it holds at time 7,,, for some m > 0.
If the (m + 1)st event is a job arrival in both systems, then (26) implies that (29) also holds at time 7,4 1.
If the (m + 1)st event is a task completion in both systems, then the states at time 7,,,,; are given by (27).

Since X (7,,) <gsc X'(7,.) by the induction hypothesis and I,,, > I/, w.p.1 by (28), Lemma 7 yields
X (Tont1) <asc X' (Tont1)-

Thus, (29) holds at time 7,1, completing the induction. Since both processes are constant between events,
and 7, T oo as m 1T oo w.p.1., we have that X (t) <gsc X'(t) w.p.1 for all ¢ > 0, from which (25) follows.
Finally, X7 (t) = Z7(t) and X[ (t) = Z™ (t) by (13), and the stochastic order relation X™ <, gsc X™
implies that Z™ < Z™ . Further, Q™ (t) = 0 if and only if Z™ (¢) = 0, and Q" (¢) = 0 if and only if Z™(t) =
0. Now, Q”/ is positive recurrent for any p € S(™*) ('), so that 0 is a regeneration state for Z = with finite
expected regeneration time. It follows that Z™ is also a positive recurrent regenerative process, and therefore

QT is positive recurrent. We conclude that S (1) C S(™*) (), as stated. O

8.5. Proof of Lemma 7

Proof.  Fix m € [[1, k], and let

k
To(uw):=> u,, weR(ZY), and Tip(u):=0.

The condition in the statement of the lemma that  <ggsc 2 is equivalent to
T,.(z) = T,,(x) >0, m € [1,k]. (30)

To simplify the notation, let

" =R((x—e;,)") and z":=R((z—e;,)"). (31)
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For j, := min{r € [1,i,] : z, = x;, }, it holds that z;, =z, 1 =--- = x;,. Hence, «* is obtained from x

by replacing the j,th component x;_ by (z,, — 1)". Therefore,
T (x*) =T (x) — 1{z,, >0,m <j,}.
Similarly, for j, :=min{r € [1,7.] : 2, = z;_ }, it holds that
T,.(z")=T,(z) — 1{z;, >0,m <j,}.
Consequently, for every m € [1, k],
Ton(2") = T (") = (T (2) = Trn(2)) — (1{zi, >0, m <j.} — L{z;, >0, m<ji}). (32)
We next prove that 7,,,(z*) — T,,,(x*) > 0 for every m € [1, k]. To this end, observe that if
1{z;, >0, m < j.} < Wy, >0, m < ja},

then (30) and (32) imply that T;,(z*) — T, («*) > 0. Thus, we need to show that 7,,(z) — T,,,(x) > 1

whenever
1{z, >0, m<j.}=1 and 1{z;, >0, m<j,}=0. (33)
Observe that (33) holds if and only if one of the following two mutually exclusive cases hold:

Case 1: z;, >0, m<j,, x,=0;

@x

Case 2: 2z;, >0, jpz<m<j,, z;, >0.

We thus show T,,,(z) — T,,,(x) > 1 in either of these two cases.
Proof for Case 1. Since m < j, <i, < i, and x is nonnegative and nondecreasing, =, = 0 for all
r € [m,j.]. Hence
Jz
T (2) = Ton(@) = Tjo1(2) = Tjoa (@) + Y (20— 3,) > 2, = 21, > 1, (34)
where the first inequality follows from (30) and z, > x, = 0 for r € [m, j.], and the equality z;, = z;,

follows from the definition of j..

Proof of Case 2. In this case, it holds that
Jo <Jz <tz <ig. (35)
We first prove that

Tj.(z) = Tj.(z) > 1, (36)
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by taking the assumption that (36) does not hold and arriving at a contradiction. In particular, suppose that

T;,(z) —T;,(x) =0. Then

0="T.(z) = Tj.(®) = T)41(2) = Tjoa(x) + 25, — 35, (37
Because T}, 11(2) — T, +1(x) > 0 by (30), and x;, = x;, due to (35), it follows from (37) that

Tiy =Ti, 2> Zi,- (38)

For every 7 € [j,j. — 1], it holds that =, = z;_ by the definition of j,, and z, < z;, = z;, < z;, by the
definition of j, together with (38). Hence, it follows from (37) that

T, (2) = T (2) = 1. (2) ~ T (@) + 3 (50 =) = Y (20— 20,) <0,

contradicting (30). We therefore conclude that (36) must hold.

We next prove that T,.(z) — T,.(x) > 1 for any r € [j, + 1,j. — 1] by assuming, for the sake of contra-
diction, that T.(z) — T,.(x) = 0 for at least one index 7 € [j, + 1,7, — 1]. Let ry be the largest such index
in [j +1,7. — 1]. Then

Trg11(2) = Trpra() 2 1, (39)
and since 7o € [jz +1,j. — 1] C [jx, iz], we have z,,_; = x,,, = z;,,. Therefore,

Zro—1 = Trg—1 < Zry = Trg—1 = Zrg — Ly = (Tro (2) - T, (35)) - (Tro+1(z) - Tro+1($)) <-1,

where the last inequality follows from (39) because 7}, (z) — T, () = 0. Thus

o
Tro—l(z) _T'Fo—l(w) :Tro(z) - Tro(w) + ZT‘Q—l - x'fo—l = 27'0—1 - xTo—l S _17

contradicting (30). Since we arrive at a contradiction, we conclude that 7,.(z) — T,.(x) > 1 for any r €
[z + 1, 7. — 1], which, together with (36), implies that 7,,,(z) — 7,,(x) > 1 in Case 2.
Finally, since T,,,(z) —T,,(x) > 1 for all m € [1, k], we have that T}, («*) < T,,,(2*), so that x* <gsc z*,

for * and z* in (31), as stated. ]
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